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Abstract

Understanding the implicit bias of training algorithms is of crucial importance in
order to explain the success of overparametrised neural networks. In this paper, we
study the dynamics of stochastic gradient descent over diagonal linear networks
through its continuous time version, namely stochastic gradient flow. We explicitly
characterise the solution chosen by the stochastic flow and prove that it always
enjoys better generalisation properties than that of gradient flow. Quite surprisingly,
we show that the convergence speed of the training loss controls the magnitude
of the biasing effect: the slower the convergence, the better the bias. To fully
complete our analysis, we provide convergence guarantees for the dynamics. We
also give experimental results which support our theoretical claims. Our findings
highlight the fact that structured noise can induce better generalisation and they
help explain the greater performances of stochastic gradient descent over gradient
descent observed in practice.

1 Introduction

Understanding the performance of neural networks is certainly one of the most thrilling challenges
for the current machine learning community. From the theoretical point of view, progress has been
made in several directions: we have a better functional analysis description of neural networks [3]
and we steadily understand the convergence of training algorithms [29} [10] as well as the role of
initialisation [20, [12]]. Yet there remain many unanswered questions. One of which is why do the
currently used training algorithms converge to solutions which generalise well, and this with very
little use of explicit regularisation [39].

To understand this phenomenon, the concept of implicit bias has emerged: if over-fitting is benign,
it must be because the optimisation procedure converges towards some particular global minimum
which enjoys good generalisation properties. Though no explicit regularisation is added, the algorithm
is implicitly selecting a particular solution: this is referred to as the implicit bias of the training
procedure. The implicit regularisation of several algorithms has been studied, the simplest and
most emblematic being that of gradient descent and stochastic gradient descent in the least-squares
framework: they both converge towards the global solution which has the lowest squared distance
from the initialisation. For logistic regression on separable data, Soudry et al. show in the seminal
paper [31] that gradient descent selects the max-margin classifier. This type of result has then been
extended to neural networks and to other frameworks. Overall, characterising the implicit bias of
gradient methods has almost always come down to unveiling mirror-descent like structures which
underlie the algorithms.
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Figure 1: Sparse regression with n = 40, d = 100, ||} [lo = 5, ©; ~ N(0,1) y; = x;ﬂ;o . Left:
for initialisation scale o = 0.05, SGD converges towards a solution which generalises better than
GD. Right: for different values of the initialisation scale «, the solution recovered by SGD has better
validation loss than that of GD. The sparsifying effect due to their implicit biases differ by more than
an order of magnitude. See Section [5.T|for the precise experimental setup.

While mostly all of the results focus on gradient descent, it must be pointed out that this full batch
algorithm is not used in practice for neural networks since it does not lead to solutions which
generalise well [23]]. Instead, results on stochastic gradient descent, which is widely used and shows
impressive results, are still missing or unsatisfactory. This has certainly to do with the fact that
grasping the nature of the noise induced by the stochasticity of the algorithm is particularly hard: it
mixes properties from the model’s architecture, the data’s distribution and the loss. In our work, by
focusing on simplified neural networks, we answer to the following fundamental questions: do SGD’s
and GD’s implicit bias differ? What is the role of SGD’s noise over the algorithm’s implicit bias?

The simplified neural networks which we consider are diagonal linear neural networks; despite
their simplicity they have become popular since they already enable to grasp the complexity of
more general networks. Indeed, they highlight important aspects of the theoretical concerns of
modern machine learning: the neural tangent kernel regime, the roles of over-parametrisation, of the
initialisation and of the step size. For a regression problem where we assume the existence of an
interpolating solution, we study stochastic gradient descent through its continuous version, namely
stochastic gradient flow (SGF). Though the continuous modelling of SGD has not yet led to many
fruitful results compared to the well studied gradient flow, we believe it is because capturing the
essence of the stochastic noise is particularly difficult. It has generally been done in a non realistic
and over simplified manner, such as considering constant and isotropic noise. In our work, we attach
peculiar attention to the adequate modelling of the noise. Tools from Itd calculus are then leveraged
in order to derive exact formulas, quantitative bounds and interesting interpretations for our problem.

1.1 Main contributions and paper organisation.

In Section 2] we start by introducing the setup of our problem as well as the continuous modelisation
of stochastic gradient descent. Then, in Section [3] we state our main result on the implicit bias of the
stochastic gradient flow. We informally formulate it here and illustrate it in Figure [T}

Theorem 1 (Informal). Stochastic gradient flow over diagonal linear networks converges with high
probability to a zero-loss solution which enjoys better generalisation properties than the one obtained
by gradient flow. Furthermore, the speed of convergence of the training loss controls the magnitude
of the biasing effect: the slower the convergence, the better the bias.

Unlike previous works [14} [36]], in addition to characterising the implicit bias effect of SGF, we
also prove the convergence of the iterates towards a zero-loss solution with high-probability. To
accomplish this, we leverage in Section [4|the fact that the iterates follow a stochastic continuous
mirror descent with a time-varying potential. We support our results experimentally and validate our
model in Section[3



1.2 Related work

As recalled, implicit bias has a recent history that has been initiated by the seminal work [31]] on
max-margin classification with log-loss for a linear setup and separable data. This work has been
extended to other architectures, e.g. multiplicative parametrisations [14], linear networks [22]] and
more general homogeneous neural networks [27, [11]]. In [36] the authors show that the scale of the
initialisation leads to an interpolation between the neural tangent kernel regime [20, [12]] (which is
a linear regression on fixed features) leading to {5 minimum norm solutions and the rich regimes
leading to #; minimum norm solutions. Note that these works focus on full batch gradient descent (or
flow) and are deeply linked to mirror descent.

While the links between SGD’s stochasticity and generalisation have been looked into in numerous
works [28] 21} 16} [18], [24]], no such explicit characterisation of implicit regularisation have ever been
given. It has been empirically observed that SGD often outputs models which generalise better than
GD [23] 121} 116]. One suggested explanation is that SGD is prone to pick flatter solutions than GD
and that bad generalisation solutions are correlated with sharp minima, i.e., with strong curvature,
while good generalisation solutions are correlated with flat minima, i.e., with low curvature [17}
23|]. This idea has been further investigated by adopting a random walk on random landscape
modelling [18]], by suggesting that SGD’s noise is smoothing the loss landscape, thus eliminating the
sharp minima [24]], by considering a dynamical stability perspective [38]] or by interpreting SGD as a
diffusion process [[16, 21} [8]. Recently, label-noise has been shown to influence the implicit bias of
SGD, by biasing the solution towards the origin for quadratically-parameterized models [[15] or by
implicitly regularising the expected squared norm of the gradient of the model with respect to the
weights [5]. Thus, if the notion of implicit bias of GD is fairly well understood both in the cases of
regression and classification, it remains unclear for SGD, and its explicit characterisation is missing.

The linear diagonal neural networks we consider have been studied in the case of gradient descent [33]]
and stochastic gradient descent with label noise [[15]. In both cases the authors show that this model
has the ability to implicitly bias the training procedure to help retrieve a sparse predictor. The link
between gradient descent and mirror descent for this model has been initiated by [[13] and further
exploited by the same author in [37, [34]] for its sparse inducing property.

Contrary to the deterministic case, the modelling of stochastic gradient descent as a stochastic
differential equation is quite recent, see [28, 21]. However, as highlighted by [1], early attempts
often suffer from the drawback that they model the noise using a constant covariance matrix. On
the contrary, state dependant noise has now become the legitimate manner for modelling SGD as a
stochastic gradient flow and it is shown in [26] that it can be done consistently. Yet, noise modelling
still remains the principal issue [35] as it influences largely the behaviour of the dynamics [8} 9].

1.3 Notations

For input data (z1,...,2,) € (RY)™ and output (y1,...,y,) € R™, we denote respectively X €
R"*9 the design matrix whose i-th row is feature z; € R% and y € R™ the vector of outputs. R7
denotes the set of strictly positive real numbers. For p = 1,2, the £,-norm of = € R% is |||} =

Zj |z;|P. The operations ® will stand for coordinate-wise product between vector: [u ® v]; = u;v;
and u? = u ® u. For p € N*, we also define uP := u ©® ... ® u, the p times product of u with itself.
All inequalities between vectors should be understood value by value. For f, g € R, the existence
of C' > O such that f < Cgand Cg < f will be denoted f < O(g) and Q(g) < f respectively. We
shall use the symbole O when this is true up to log factors. For a vector u € RY, diag(u) denotes the
d x d diagonal matrix which has its diagonal equal to u. For a matrix M € R?*4, diag(M) denotes

the vector (M1, ..., Maq) € R<. The indexed vector 3* will stand for any (3 interpolating the data,

i.e. any vector in the affine space {3 € R? s.t, X3 = Y’} of dimension at least d — n. Out of all

these, let 37, = argmin |[|3]|;. For z any vector, 2, or 2 will always designate of tlim 2.
— 00

BERT s.t. X B=y
2 Setup and preliminaries
2.1 Architecture and algorithm.

Overparametrised noiseless regression. We consider a linear regression problem with outputs
(Y15 --,Yn) € R™ and inputs (z1,...,z,) € (R?)". We study an overparametrised setting (n < d)



and assume that there exists at least one interpolating parameter 3* € R¢ which perfectly fits the
training set, i.e. y; = (8%, x;) for all 1 < i < n. We parametrise the regression vector 3 as 3,, with
w € RP. We will see that though in the end our final models © — (f3,,, ) are classical linear models
whatever the parametrisation w — f3,,, the choice of this parametrisation has crucial consequences
on the solution recovered by the learning algorithms. We study the quadratic loss and the overall loss
is written as:

Dw) = Liu) = 1 3o (Burms) = i)’ = 7= D (Bu = 5 i),

where by abuse of notation we use L(w) = L(B.).

2-layer diagonal linear network. The simplest parametrisation of f3,, is to consider 3, = w
which corresponds to the classical least-squares framework. It is well known that in this case, many
first order methods (GD, SGD, with and without momentum) will converge towards the same solution:
we say that they have the same implicit bias. This is experimentally not the case for neural networks
where SGD has been shown to lead to solutions which have better generalisation properties compared
to GD [23]]. To theoretically confirm this observation, we study a simple non-linear parametrisation:
Bw = w2 — w? withw = [wy,w_]" € R*. We point out that it is 2-positive homogeneous
and that it is equivalent to the parametrisation 3, , = v © v with u,v € R?. It should be thought
of a simplified linear network of depth 2 (see [36l Section 4] for more details). We consider two
weight vectors wy and w_ (and not only 3, = w?) in order to ensure that our final linear predictor
parameter 3, can take negative values. For the sake of completeness, the study of diagonal linear
networks of arbitrary depth p > 3 is done in Appendix Also note that additionally to being a toy
neural model, it has received recent attention for its practical ability to induce sparsity [33} 134} [15] or
to solve phase retrieval problems [37].

Stochastic Gradient Descent. With this quadratic parametrisation, the loss now rewrites as:
Lw) = 2> (w} —w? — B*,2;)% Note that despite its simplicity, this loss is non con-
vex and its minimisation is non trivial. The algorithm we shall consider is the well known SGD

algorithm, where for a step size v > 0:

Wig1,4+ = Wi — Y{Bw — B*,4,) Ti, © wy 4

Wist - = Wy + B — B s Ty, @ wy where i; ~ Unif(1,n). (1)
It is convenient to rewrite this recursion as
Wip1,+ = Wit — YV, L(wy) £ ydiag(w,£) X &, (By), 2

where &;,(8) = —((B — 8%, zi,)e;, — E;, [(8 — B, 3;,)e;,]) € R™ is a zero-mean multiplicative
noise which vanishes at any global optimum (e; denotes the i" element of the canonical basis). We
point out that all the results we shall give hold for any initialisation such that w;—¢ + = wi—o _ € R,
under which we have that 3,,,_, = 0. To understand under what conditions the SGD procedure
converges and towards which point it does, we shall consider its continuous counterpart which has
the advantage of leading to clean and intuitive calculations. We highlight the fact that we consider a
bath-size equal to 1 for clarity, however all our analysis holds for mini-batch SGD (with and without
replacement) simply by considering an effective step-size v.g instead of -, this is clearly explained
in Appendix [A]

2.2 Stochastic gradient flow

Continuous time modelling of sequential processes offer a large set of tools, such as derivation, which
come in helpful to understand the dynamics of the processes. This has led to a large part of the recent
literature to consider continuous gradient flow in order and understand the behaviour of gradient
descent on complicated architectures such as neural nets. However, the continuous time modelling
of stochastic gradient descent is more challenging: it requires to add on top of the gradient flow a
diffusion term whose covariance matches the one of SGD. Hence, it is fundamental to understand its
structure and scale.



Understanding the noise’s structure. As seen in equation ([Z]), evaluated at w4, the stochastic
noise v diag(w+ )X " &;, (w) has two main characteristics which we want to preserve:

e It belongs to span(wy © z1,...,wt O Ty)
e It has covariance ¥, (w+) := 7% diag(w+) X " Cov;, (&, (8)) X diag(w) € R*¥4

It remains to understand the structure of the covariance of §;, which has the following closed form:
Cov;, (&,(B)) = %diag(w - B, $i>2)1§i§n - %((5 = B*,x) (B - 67, xj>)1<i,j<n- We identify
the two key facts: (i) it is diagonal at the leading n~! order and (ii) its trace is linked to the loss
as Var;, (||&, (8)|l2) = 2L(8) + O(-z). This leads us in modelling &;, (8)’s covariance matrix as
%L( B)1, as it preserves these two characteristics|'| Finally this brings us to consider the following
modelling of the overall noise’s structure: X, (w4) = 242 L(w)[diag(w) X T]%2.

Stochastic differentiable equation modelling. Guided by the previous considerations, we study
the following stochastic gradient flow:

dwy 1 = —Vi, L(wg) dt + 2¢/yn"1L(w;) wy 4 @ [X T dBy]
dw; = =Vy_L(wy) dt — 2+/yn= L(w;) wy,— © [XTdBtL

where d By is a standard R™ Brownian motion. The SDE is a perturbed gradient flow with a diffusion
term that is defined such that its Euler discretisation with step size y leads to a Markov Chain whose
covariance exactly matches SGD’s noise covariance Y, (wy). We refer to [26] or [25] for the
technical details regarding consistency of such a procedure in the limit of small step sizes. This
stochastic differential equation is the starting point of the analysis.

3)

3 The implicit bias of the stochastic gradient flow

Implicit bias and hyperbolic entropy. To understand the relevance of the main result and how
stochasticity induces a preferable bias, we start by recalling some known results for gradient flow.
In [36] it is shown, assuming global convergence, that the solution selected by the gradient flow
initialised at & € R? and denoted 3%, solves a constrained optimisation problem involving the
hyperbolic entropy introduced by [13|]:

d
B = argmin ¢, (8) := i[;ﬂiarcsinh(fa}) —\/B? +4af], 4)

BeRY st. XB=y

Though the hyperbolic entropy function has a non-trivial expression, its principal characteristic is
that it interpolates between the ¢ and the ¢, norms according to the scale of . More precisely
for a € R ba(B) o $In (1))18]l1 and ¢a(B) T 202 + 71118113 + o(a™2). We refer to

[36, Theorem 2] for more details on the asymptotic analysis. The implicit optimisation problem
therefore highlights the fact that the initialisation scale of the weights controls the shape of the
recovered solution. Small initialisations lead to low ¢;-norm solutions which are known to induce
good generalisation properties: this is what is often referred to as the rich regime. Large initialisations
lead to low £5-norm solutions: this is referred to as the kernel regime or lazy regime in which the
weights move only very slightly. The dynamics of the gradient flow are then very similar to the one
of kernel linear regression with the kernel depending on the initialisation [20} [12]]. Overall, to retrieve
a sparse solution, one should initialise with the smallest a possible. However, as is clearly explained
in [36], it is important to stress out that there is a generalisation / optimisation tradeoff: the point
w = 0 happens to be a saddle point for the loss and a smaller « will lead to a longer training time.

Main result. In the main theorem we show that, for an initialisation scale «, the stochasticity of
SGF biases the flow towards solutions which still minimise the hyperbolic entropy. However, what is
remarkable is that it does so with an effective parameter a.o, which is strictly smaller than «. The
recovered solution therefore minimises an optimisation problem which has better sparsity inducing
properties than that of gradient flow.

'the general case is discussed in Appendix
’If a € R we consider the abuse of notation Go = Ga1.



Theorem 1. For p < 1 and wo+ = a € (Ry)Y, let (wy)>0 follow the stochastic gradient
. . 87, 1l -1
Sflow @) with step size v < O([ln(%))\max max{||62f1 I, In (mh‘;i ng), ||04H§}] ) where ﬁ;‘l =
arg min || 3|1 and Amax is the largest eigenvalue of X " X /n. Then, with probability at least 1 — p:
BERI s.t. X f=y

o (Bi)i>0 converges towards a zero-training error solution 35,

o the solution B satisfies

XTX +oo
B = argmin ¢, _(8) where ao = a®exp (—27diag (n)/ L(ﬁs)ds) . (9
0

BeRY s.t. XB=y

The theorem is three-fold: with high probability and for an explicit choice of constant step size 7,
(i) the flow (B;)¢>0 converges, (ii) its limit 5% is an interpolating solution, i.e. X% =y, (iii) this
solution minimises the hyperbolic entropy problem with a parameter that depends on the dynamics.
We illustrate these results in Figure 2] Now let us comment further the theorem.
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Figure 2: Sparse regression (see Section [5.1] for the detailed experimental setting). Both SGD and
GD are initialised at « = 0.1. 2 different runs of SGD over the training set are performed, they differ
due to the inner stochasticity of the algorithm. Left: GD and SGD both converge towards a global
minimum. Middle and right: for two different trajectories of SGD, the higher the value of the loss
integral at convergence, the better the validation loss. In both cases SGD converges towards a solution
which generalises better than GD. This figure illustrates Theorem [I]

Beneficial implicit bias through effective initialisation. The most remarkable aspect of the result
is that the recovered solution 5% minimises the same potential as for gradient flow but with an
effective parameter oo, Which is strictly smaller than o. Hence, the hyperbolic entropy is closer to
the ¢1 norm compared to the deterministic case, proving a systematic benefit of stochasticity. Note

that this effective parameter is random and controlled by the loss integral f;roo L(ps) ds: the higher
the integral, the smaller the effective initialisation scale. In other words and quite surprisingly, the
slower the loss converges to 0, the “richer” the implicit bias. However, it must be kept in mind
that, as explained in [36], there is a tension between generalisation and optimisation: a longer
training time might improve generalisation but comes at the cost of... a longer training time. Yet it
is clear experimentally that SGD systematically largely wins the trade-off over GD (see Figure[2).
Interestingly, Problem (3) tells us that the implicit bias of SGD initialised at « acts as if we run
GD initialised at a.o, (see Section[5.3). Note that the minimisation problem (3)) only makes sense a
posteriori since the quantity oo, depends on the whole stochastic trajectory. Finally, an interesting
question is whether one can quantify the scale of this beneficial phenomenon, i.e. how small a.
is compared to o. To answer this, we quantify the scale of the loss integral w.r.t. v and « (see
Proposition 3) and show under slightly stronger conditions that the relative scale «,/« decays as
power of « (See Eq. (§) of the main text and Proposition [f] of the appendix for a proof).

Kernel regime. Though it is less our focus, our result still holds as @ — +o0o which corresponds

to the kernel regime. In this regime, we believe that f;roo L(Bs)ds — 0 (not shown in the paper
a—r 00

but experimentally observed) and hence SGF and GF converge towards the same solution. This is

expected since in the NTK regime, the iterates follow a kernel linear regression for which the bias of
SGF and GF are the same.



Step size. Note that the convergence of the iterates holds for a constant step size. This is not
illogical since in the overparametrised setting, the noise vanishes at the optimum (see [32]] for a
convergence result in the overparametrised least-squares setup). The explicit formula for the v upper
* -1
bound is v < (400 In (%)/\maX(X:LX) max { 185, 11 In (ﬁl‘fﬁ !;2), ||a||§}) . It has a classical
dependence on Apax (X ' X/n) which can be computed, but also on the unknown value of |3, ||1.
However in practice we choose the highest value of  for which the iterates converge. Note that in
practice the weights are often initialised such that || ||3 is roughly equal to 1 and hence it is sensible

to consider [|a|[3 < [|8;, [1. In the explicit bound, there is a In (|| 3} |1/ min; a%)_l factor, we

believe that it is an artefact of our analysis and could be removed. It is hence best to think of the
upperbound on ~y to simply be v < O(ﬁ)
max167,

Convergence and proof sketch. Let us put emphasis on the fact that since we deal with a non-
convex problem, neither convergence nor convergence towards a global minimum are obvious. In
most of similar works, convergence of the iterates is assumed [36} [14]. In fact, the hardest and most
technical part of our result is to show the convergence of the flow with high probability: once the
convergence is shown, describing the minimisation problem 5%, verifies is straightforward. In the
following section we give several properties which constitute the major keys of the theorem’s proof.

4 Links with mirror descent

The aim of this section is to show that the sequence (3;)¢>0 follows a stochastic version of continuous
mirror descent with a time dependent mirror. From this crucial property, we show how the convergence
and implicit bias characterisation follow. Finally, as it is one of the central objects of our main theorem,
we give an estimation of [ L(3,) ds.

4.1 Stochastic continuous mirror descent with time-varying potential

We start by recalling known results on the link between implicit bias and mirror descent. We recall
also convergence guarantees for mirror descent dynamics.

Mirror descent: convergence and implicit bias. For any 3, € R¢ and convex potential function
U, consider the mirror descent flow (8;); which corresponds to dV¥(5;) = —V L(5;)dt. Though
the convergence of the loss to 0 is straightforward, showing the convergence of the iterates requires
more work and is shown in [4, Theorem 2] for strongly convex potentials. Yet, once the convergence
of the iterates is shown, deriving the implicit minimisation problem is straightforward. We recall
the reasoning here (see Section 3 of [2]] for more details): integrating the flow yields VU (5,) —
VU(By) = — [5° VL(Bs)ds = —4X T [ X(Bs — B)ds € span(X). This condition, along
with the fact that X 8., = y exactly corresponds to the KKT conditions of the problem:

Boo = argmin  Dy(S, B), (6)
BeRY st. XB=y

where Dy (3, Bo) = ¥(B8) — ¥(Bo) — (V¥ (Bo), B — o) is the Bregman divergence w.r.t. U.

Link with our model. It turns out that these general observations on mirror descent apply to our
framework when (w;); follows the gradient flow dw; + = —V,,, L(w;) dt. Indeed it has been shown
in [36] that the corresponding iterates 3; = wf L wf,_ follow a mirror descent with potential ¢,,
defined in Eq.(4). Therefore we can apply the previous remarks to obtain the convergence towards
an interpolatoﬁ) as well as the associated implicit minimisation problem which in our case can be
rewritten as 5& = argmin ¢, () since Vg, (5o = 0) = 0.

BeERY s.t. X[B=y

Stochastic Mirror descent with a time varying potential. To address the problem where (w;);
follows a stochastic gradient flow instead of a gradient flow, it is natural, as in the deterministic
framework, to see what type of flow (3;); follows. Because of the noise, we cannot hope to simply

3In our case, ¢ is not strongly convex so a bit more work is necessary to show the convergence of the
iterates (see Appendix E])



recover a classical mirror descent. However interestingly the next property shows that it follows a
stochastic mirror-like descent with a geometry that depends on time.

Proposition 1. Consider the iterates (wy)¢>o issued from the stochastic gradient flow in Eq.()

with initialisation wy + = o € (Ri)d. Then the corresponding flow (B:)>0 follows a “stochastic
continuous mirror descent with time varying potential” defined by:

AV ¢a, () = —=VL(B;) dt + /yn—1L(B:) X "dB;, (7)
where oy = a ® exp (— 2v diag (X:LX) fot L(Bs) ds) and ¢, is the hyperbolic entropy defined
in .

Under this form we clearly see that the iterates (3;); follow a flow which closely resembles that of
mirror descent but with two major differences: (i) the potential ¢, changes over time according to the

random quantity fg L(3s) ds, (ii) the flow is perturbed by noise. We highlight the fact that viewing
the dynamics this way has the major advantage of giving a clear roadmap for the proof of Theorem T}
(i) we can adapt classical mirror-descent results to our framework and construct appropriate Lyapunov
functions to prove the convergence of the flow with high probability to some interpolator 55, (ii) we
immediately recover the corresponding minimisation problem as in the deterministic case. Indeed,
integrating Eq.(7) still yields V@, (82) € span(X) which, along with X 3% = y, are the KKT
conditions of the implicit minimisation problem (3)). We emphasise the fact that the structure of the
noise, belonging to span(X), is crucial in order to obtain this minimisation problem. This would for
instance clearly not be true if we considered isotropic noise in the SDE modelling. This highlights
the fact that not every form of noise improves the implicit bias: the shape of the intrinsic SGD noise
is of primal importance [[15].

4.2 Convergence and control of [ L(f3) ds

Though it seems easy to derive the implicit minimisation problem (3)) from the mirror-like structure
of Eq.(7), it is necessary to ensure that the iterates converge towards an interpolator S. This is the
purpose of the following proposition.

Proposition 2 (Convergence of the iterates). Consider the iterates (wy);>¢ issued from the stochastic
gradient flow (3), initialised at wo + = o € (R%.)%. For p < 5 and ~y such as in Theorem then
with probability at least 1 — p, the flow (B;): converges to an interpolating solution 5.

The convergence of the iterates is technical and requires several intermediate results. We start by
considering an appropriate Bregman-type stochastic function with a time-varying potential and show
that it converges with high probability. Leveraging the fact that we are able to bound the iterates [3;,
we are able to show that the limit of the function is in fact 0. Owing to the fact that the function we
consider also controls the distance of (3, to a particular 3* we finally get that the iterates converge.

However for the objects (such as a,) and functions we introduce to be well defined, we need to
guarantee the convergence of fooo L(ps)ds. Besides, it is crucial to grasp the scale of this quantity
since it gives the overall scale of a. This is done in the following proposition where we lower and
upper bound its value.
Proposition 3. Under the same setting as in Proposition [Z] with initialisation wo + = a1, we have
with probability at least 1 — p:

) ,o%d }) .

\ 187,11 oo .

Qs I (F57)) < / L(8,) ds < O max {13, | 1n
[0 a—0 Jo

We point out that the lower bound is given for small o’s for simplicity but we provide in Lemmal[7]

(Appendix [B.5)) a lower bound which holds for all a’s. Note that when v = 0, which corresponds

to deterministic gradient flow, we can give the exact value for the integral: f0+°° L(Bs)ds =

%D%( <, Bo) (see Proposition in Appendix . This matches the scale of the bounds given in
Proposition |3 hence showing the tightness of the result. We focus now on how this translates to the
scale of the effective initialisation w.r.t. o when this latter is small enough. In fact, this lower bound
on the integral of the loss along with a stronger assumption on the boundedness of the iterates lead to

o o? ¢
= < = . (3
o oSo <||ﬂz||1>
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for some ¢ > 0. Hence the smaller the initialisation scale « and the greater the benefit of SGD over
GD in terms of implicit bias (see Appendix [B.6|for more details).

Again, the proof of this proposition is technical and relies on considering appropriate Lyapunov
functions which highly resemble to Bregman divergences, but which take into account the fact that
the geometry changes over time. These overall decreasing Lyapunov’s enable to bound the iterates
as well as lower and upper bound the integral of the loss. The stochastic integrals which naturally
appear are controlled with high probability using time-uniform concentration of martingales [19].

S Experiments

5.1 Experimental setup for sparse regression

We consider the following sparse regression setup for our experiments. We choose n = 40, d = 100
and randomly generate a sparse model 3 such that ||} [0 = 5. We generate the features as

x; ~ N(0, I) and the labels as y; = .TZT B, SGD, GD and the SGF are always initialised using the
same scale a > 0 and it is specified each time. We use the same step size for GD and SGD and choose
it to be the biggest as possible why still ensuring convergence. Note that since the true population
covariance E[zz "] is equal to identity, the quantity ||3; — B, I3 corresponds to the validation loss.

5.2 Validation of the SDE model

In this section, we present an experimental validation of the stochastic gradient flow model. In
Figure[3| for the same step size, we run: (i) the trajectory of gradient descent, (ii) 5 trajectories of
stochastic gradient descent that correspond to different realisations of the uniform sampling over
the data, (iii) 5 trajectories of the stochastic gradient flow (its Euler discretisation with d¢ = ~v/10))
corresponding to different realisations of the Brownian. We clearly see (left) that the loss behaves
similarly for SGD and SGF across time. We also see that the validation losses (right) of the iterates
of SGD and SGF have very similar behaviours. This tends to validate our continuous modelling from
Section2.21

. 2
Train losses L(/3;) Test losses [|8; — 57, |[3
10! - S % cb
10 3 SGDs
. 1 s SDEs
1074 1 107" 4
5 ] R
1077 1077 5 L ra—
_3 1 é}h'*a‘.:."n.,
10— 10 10 E I I ""-"'.-.-.f.-‘.'?:s:l
10! 103 10°
[teration ¢ Iteration ¢

Figure 3: Sparse regression (see Section [5.1] for the detailed experimental setup). Left and right: the
training and the validation losses behave very similarly, corroborating the continuous modelling.

5.3 GD and SGD have the same implicit bias, but from different initialisations.

In order to confirm and illustrate the main Theorem [I] we provide the following experiment
which is illustrated Figure We first run GD and SGD with the same step-size and ini-
tialise them both at al with @ = 0.01. As expected, the solution recovered by SGD gen-
eralises better. Then, using the iterates ﬁtSGD from the first SGD run, we compute the value
oo = avexp(—2ydiag(X T X/n) [;* L(BS9P)ds) € R? (the integral is approximated by its dis-
crete time approximation with d¢ = ~). We then run gradient descent but this time initialised at
Wo,+ = Q. According to our main result from Theorem it should approximately (it would be
exact if we ran SGF and GF) converge to the same solution as SGD initialised at a1. This is clearly
observed Figure (right). Also note that SGD and GD (initialised at a,) seem to have overall very



similar dynamics, this is not shown by our results and we leave this as future work. However keep in
mind that though the validation losses converge at the same iteration rate, in terms of computation
time, SGD is n times faster.

Train losses L([3;) . Test losses ||, — ﬂZ)Hg
10
109 1 N GD from «
\ == SGD from «

103 4 10-! - 4 — GD from a
10—6 _

— GD from « s
10-2 4 === SGD from « 10771

— GD from ay
10~12 T T T T T T

101 103 10° 101 103 105
Iteration ¢ Iteration ¢

Figure 4: Sparse regression (see Section for the detailed experimental setup). Left and
right: SGD initialised at a1l converges towards the same point as GD initialised at oo =
avexp(—2y diag(X " X/n) [;° L(B5P)ds) .

5.4 Doping the implicit bias with label noise

As largely discussed throughout the paper, the effect of the implicit bias is controlled by the conver-
gence speed of the loss: the slower it converges, the sparser the selected solution will be. Hence the
following question: can we leverage this knowledge to dope the implicit bias? We argue in this Section
that the answer to this question is affirmative. Indeed, consider a sequence (;):en € RT_ and assume
that we artificially inject some label noise A; at time ¢, say for example A; ~ Unif{2d;, —26;}
(independently from ;). This injected label noise perturbs the SGD recursion as follows:

Wip1,+ = Wi+ Fy((Bw — B 2i,) + Ar) @i, © wy 4, where i; ~ Unif(1,n). (9)

As in Section [2.2] we can derive its related stochastic gradient flow (see Appendix [D.T] for more
details):

dwyi = Vi, L(w,)dt £ 2/ (L(w,) + 62) wyy © [XTdBy) (10)

Assuming that (6;)¢>0 € (R4 )® and  are such that the iterates converge, the corresponding implicit
regularisation minimisation problem is preserved but with a "slowed down" loss: L(3;) := L(f3;) +0?

and the effective initialisation writes: &, = @ @ exp (—27 diag(X ;X ) O+°° L(Bs) ds). The label
noise therefore helps recovering a solution which has better sparsity properties. However, it must be
kept in mind that adding too much label noise can significantly slow down the convergence of the
validation loss or even prevent the iterates from converging. Yet, experimental results showing the

impressive effect of label noise are provided Figure[5|in Appendix [D.1]

6 Conclusion and Perspectives

In this paper, we have shown the benefit of using stochastic gradient descent over gradient descent
for diagonal linear networks in terms of their implicit bias. Indeed, we prove that stochastic gradient
flow acts as gradient flow but initialised at a smaller scale: this induces a sparser finale iterate. This
effect is controlled by the speed of convergence of the loss. Moreover, we prove the convergence of
the flow and exhibit an interesting link with mirror descent. Fully understanding this novel type of
dynamics could help to grasp the implicit biasing properties of stochastic gradient descent in other
frameworks. It is also natural to ask whether the integral of the loss also controls the difference of
implicit regularisation for more general architectures. It would also be interesting to analyse how this
property adapts to log losses known to lead to max-margin solutions in classification.

Acknowledgements. NF would like to thank Nathan Srebro for introducing him to the question of
SGD’s implicit bias as well as for the stimulating discussions they had during his visit at EPFL.
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Appendix

Organisation of the Appendix. The Appendix is structured as follows. In Section [A] we give
more precisions regarding the way we model stochastic gradient descent as a stochastic gradient flow.
Section[B.6]is the core of the Appendix as it provides the proof of the theorem in a self-contained
fashion. For the sake of completeness, in Section [C] we gather the results on the link between
mirror-descent and implicit bias as well as give convergence results in the deterministic case (gradient
flow). In Section[D.I] we provide more experiments supporting our results. In Section[E.2] we discuss
some extensions of our results ; (E.T) regarding a more general stochastic gradient flow model and in
(E.2) we extend our results to depths p > 3. Finally, Section[F provides the technical material needed
for the proofs of our results.

A Details on the SDE modelling

‘We recall that the SGD recursion writes for ¢t > 1 as:

Wit1+ = Wi — YBuw — B Ti,) Tiy O w4
Wiy1,— = wy,— +Y{Bw — B%,4,) Ti, © wy -

Since the full gradient is V., L(w) = £[2 37 (8w — 8%, 21) zx] © we € RY. We can rewrite
the recursion as:

where i; ~ Unif(1,n).

* 1 - *
Wttt = Wi = YV L) F [ Buy = 8%20) 20, = = 3 (B — B, 20) 2| © i
k=1

Now notice that
n

* 1 * * *
(8= B%wi) i, =~ > (8= B an) o = X7 ((8— B wi)es, — i [(8— 8" i )es ],
k=1
where e; is the i* element of the R™-canonical basis. Let us denote by &;, (8) = — ((8— 8%, z;,)e;, —

E;, [(8 — B*,%;,)e;,]). Itis a zero-mean random variable with values in R™ and it can be seen as a
multiplicative noise, i.e., proportional to 3 — 3%, which vanishes at the optimum. The SGD recursion
then writes as:

W1+ = Wi+ — YVay L(w,) £ ’Y[XT&t (5t)] O w4
= wyt — YV, L(wy) &y diag(wy,+) X &, (By).

As we are interested in the stochastic differential model of the SGD recursion, let us now compute
the covariance of the SGD noise. We first notice that

COVit [é-lt (ﬁ)] = ]Eit [flt (ﬁ)®2]

= Eit[«ﬂ - ﬁ*axit>eit)®2} - Ethﬁ - B xit>eit]®2
1 (B—pB* 21)? 0 1
== 0 —a(B-peyB -
0 (B—p* xn)? S
Li(B) 0
:% 0 _%<<6_5*’$i><ﬁ_6*,$j>)1<ij<n
0 Ln(B) T

where L;(8) = (8 — 8%, x;)? is the individual loss of the observation z;, such that L(3) =
% Z?:l Li(B).
Thus, the covariance satisfies the relation Cov;, [&;, (8)] = 2 diag(L;(8))1<i<n + O(5%). From this

expression we can obtain a good model for Cov;, [£;, (8)]. Tli“irst, we neglect the second term of order
1/n?. Then, we assume that all partial losses are approximately uniformly equal to their mean: i.e.

for any 4, L;(8) = E;,[L;,(B)] (the general case is discussed Appendix [E.1). Hence,
4 1 4
Covs 6 (9)] = 7 ding (3 3 Li(3)) = ZLA.
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The overall SGD’s noise structure is then captured by
Seap (W) 1= 7* diag(ws ) X " Cov;, &, (8)]X diag(w)

= S L() diag(w ) X T2

This leads us in considering the following SDE:

de_ = *VerL(’wt) dt + 2\/ ’yn*lL(wt) W, + O) [XTdBf]
dw;,_ = =V _L(w) dt — 24/yn" 1 L{w) wy,— © [XTdBt},

since its Euler discretisation with step size v is :

Wi+ = Wt — YV L(wy) £ 2/ 0" L(we) w2 © [X Tey,

where e, ~ N(0, \/71,). This corresponds to a Markov-Chain whose noise covariance is equal to

SGD*

Remark on mini-batch SGD. This analysis can easily be extended to a batch size larger than 1.
Indeed, using a mini-batch sampled with replacement of size b only changes the noise covariance

up to a multiplicative constant as: Cov;, [¢? (8)] = $Cov;, [ V"=1()]. The associated SDE, for a

step size v, is therefore dw; 4+ = —V,, L(wy) dt £ 2/v0~n~1L(w;) wy + ® [X " dB;]. Hence, it
the same SDE as for a batch-size equal to 1 but with an effective step-size vo¢ = /b (hence larger
step-sizes can be used, as expected). The exact same reasoning can be done for mini-batch without
replacement and our analysis would hold this time with: yeg = v(n — b)/((n — 1)b) . Note that all
the results in our paper therefore hold for mini-batch SGD by considering the effective step-size eg
instead of ~.

B Proofs of the main results

This section contains all the proofs of the main results. It is self contained as we recall each time the
propositions we prove. In subsection [B.T] we derive the mirror-descent-like flow which the iterates
follow as in Proposition [T]of the main text. Then, we upper bound the loss integral in subsection[B.2]
This leads us in proving the convergence of the iterates towards an interpolator in subsection B.3]
Equipped with these results we prove the main result of the paper (Theorem[I) in subsection [B.4]
Finally, to complete the proof of Proposition [3| of the main text we derive a lower bound of the loss in
subsection

For the sake of easy reading, we adopt the following notations in this section: we denote by
X = X/y/n, and Apax = Amax(X T X).

B.1 Proof of Proposition I]

In order to prove Proposition[I] we introduce the following lemma:

Lemma 1. Consider the iterates (w¢)i>o issued from the stochastic gradient flow in Eq.(3) with
initialisation wo + = o € (Ri)d. Then we have the following implicit closed form expression for Py:

B¢ = 202 @ sinh(2X "), (1n

where 1, = ffotX'(ﬂs — B*)ds + 2ﬁf0t\/L(65)dB5 € R and oy = o © exp( —
2y diag(X " X) fot L(Bs)ds).

Note that this is not an explicit closed form for 5, since the right hand side depends on (s)o<s<t¢-

Proof. Recall that the SDE we consider writes as:
dwy+ = =V, L(wy) dt £ 24/yn 1 L(wy) wy 4 © [XTdBt]
=+(- (X Tr(w)] © w4 dt + 2¢/vL(wi) we+ © [)_(TdBt]),
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where 7(w) = X (w? — w? — 3*) = X (B, — B*) € R" are the (normalised) rests.

It turns out that there is an implicit closed form solution to this SDE. Indeed deriving the Itd formula
on In(w;, +) gives the following integral expression:

¢ ¢ ¢
Wy + = wi—o+ © exp(£X [ - / r(ws)ds + 2ﬁ/ v/ L(ws) dBS}) ® exp(—2y diag(X " X) / L(ws) ds)
0 0 0
= a; ©exp(+X Tny).
Since 8 = wi — w?, we get:

B = atZ ® (exp(+2)_(Tnt) — exp(—?)_(Tnt))
= 202 ® sinh(+2X "7).

For clarity we recall the statement of Proposition|[I}

Proposition 1. Consider the iterates (wy)¢>o issued from the stochastic gradient flow in Eq.()
with initialisation wo + = o € (R%.)% Then the corresponding flow (B;)¢>o follows a “stochastic
continuous mirror descent with time varying potential” defined by:

dV¢a, (Br) = =VL(B:) dt + v ’Yn*lL(ﬁt)XTdBta @)

where oy = a © exp (— 2y diag (XTTX> fot L(Bs) ds) and ¢, is the hyperbolic entropy defined

in @).

Proof. The results immediately follows from Lemma([I] Indeed, inverting the implicit equation on 3y,
Eq. (T1)), we have,

5 t t
arcsinh(f.;) =2X Ty = —2XT/ X(Bs — B*)ds + 4\ﬁXT/ v/ L(Bs)dBs.
0 0

t

Hence,
d arcsinh(zit%) = 2XTX(B, — B*)dt + 4\ﬁXT\/mdBt
= —4VL(B,) At + 4v/yL(B) X T dB,.
Noticing that Vo, (8) = iarcsinh(%) concludes the proof. O

B.2 Upperbound of the integral of the loss

This section contains several technical arguments that permit us to derive the upperbound of the
integral of the loss [Proposition[3] right side]. Let us try to highlight the key features of this proof. First,
as for classical mirror descent, we define a Lyapunov function that resembles a Bregman divergence
plus a necessary control term [Eq. (I2)]. Then, we fix a high-probability event on which we have
a control of the Brownian diffusion term [Eq. (I3)]. This gives an equation involving a weighted
integral of the loss. After lower bounding this weight to access directly the loss integral [Lemma 4],
we show that the iterates themselves are in fact bounded [Lemma 3]]. We finally conclude the proof in
Proposition 4]

Notations and standard calculations. Let us introduce some notations that are important through-
out the proofs. We consider the hyperbolic entropy ¢, (3) as a function of two variables
(y,2) + ¢(y, z) evaluated at the point (3,a?) € R? x R?. With a slight abuse of notation,
we denote by V(3,a?) € RY, the gradient with respect to the first vector evaluated in (3, a?),
and V,¢(3,a?) € RY, the gradient with respect to the second variable evaluated in (3, a?). Let us
also define the process (£;);>0, as the vector &; := VB2 +4a} € R4, for all t > 0. For the sake of
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clarity, we recall here the expression of the hyperbolic entropy as well as its derivatives: we have

#(B,a?) = % ijl Bi arcsinh(Qi"?) — /% + 4at, and

Vggb(ﬁ,aQ) = iarcsinh <B2> . V.o(B,02) = —i\/ﬁz +4a0* e R as well as,

20¢ 402

c Rdxd

%

V3 ,50(8,0%) = ; dias l

1
VB +4daf

A first Lyapunov function. In this subsection we shall consider the following (stochastic) Lya-
punov function:

t
Vi i= —a, (Be) + (Va, (B), B — Biy) +7 /0 L(B.)ds (|6}, |, diag(XTX)). (12

This Lyapunov resembles to a Bregman divergence with respect to the hyperbolic entropy. The
added term is however required to have a proper control on its decrease. Just as in the deterministic
framework, we want to show that the Lyapunov is decreasing, i.e. it has a negative derivative. With

this aim, we compute its ito derivative dV; in the following lemma.
Lemma 2. Forallt > 0, V; verifies the following equation:

t t
Vi=Vo—2 [ 2030 (1 - Gridiss(XTX). 6 +18, ) )ds + [ VALENXTABL A~ 6.

Proof. To derive the formula for the Lyapunov V;, we compute its derivatives dV; thanks to
It6 formula and then integrate it with respect to the time. Let us stress that as V; is a func-
tion of §; and a; we need both their full Itd decomposition. For «;, as we know that oy =

a@exp (—2ydiag(X T X) [ L(ws)ds), we have day = —2y diag(X " X)L (w; ) dt. For B, we
only need the noise compound of the It6 decomposition. Let us denote by b(3,,, ) the drift in the Ito
decomposition of Bﬂ we have,

dB; = dw} | — dwj _
= b(Bu, )dt + 4/ YL(Be) (wi 4 @ wet @ [X TdB,] + wem @ w— © [XTdB,])
= 0(Bu,)dt +4v/7L(By) & © [X TdB,] .
From this expression, we deduce the matrix of its quadratic variations d(3;)_, = {d(ﬁj, ﬁg )} =
o i
167L(B)(X T X) © (&¢ ) € Rx4
We are now equipped to apply the Itd formula on V;. Indeed, it is clear that ¢ is a C? function of
(B, a), hence,
1
dVi =~ | (V50(Bi, 7). dBu) + (V=0(Bi, o), d [of]) + 5Tx [v%,wwt,as)dwaﬂ

+d [(Vpo(Br, af), B — B, )] +7L(Bo) (157, |, diag(X T X)) dt.
The fifth term is explicit. Let us treat the first four terms separately:
First term. This term cancels with a compound of the fourth term.

Second term. We apply simply the chain rule for this term as «; does not have any quadratic variation:

(V.0(Bt,a?),d [af]) = <—4§;, 200 ® dozt> =~L(f) <£t,diag()_(TX')> dt.
t
Third term. We directly see that
5T (V350050 02)a(8)] = 3Tr | ding (£ ) - 923X X © (66| dt = 2L(50) 6 ding (X X))t

“It can be computed but its precise formula is not needed.
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Fourth term. We apply Itd6 formula once again to get:
[<Vﬁ¢(6t7 at) 5t BZ >} = <d [Vﬁqj)(ﬂfm O[%):I aﬁt - 5Z1> <vﬁ¢(6t7 at) dﬁt) + Tr |d [ <vﬂ¢(5ta Oé%), Bt>vq} )
and thanks to Eq. (7)), we have an expression for the first and last term, giving

d (Vs (B, a7), Bt — Bi,)] = —(VL(Br), B — B, )t + 2/yL(B)(X TdBy, B — B;,) + (Vd(Br, a7 ), dBr)
+ 4yL(By) (&, diag(X T X))dt.

Final expression. Let us gather the four expressions to get dV;. We remark that the terms
(Vpo(Be, i), dBy) cancels (from first and fourth terms) and since (V3L (), B — ;) = 2L(B¢),

AV, = = [YL(B,) (&, diag(X T X)) dt + 2vL(B,) (&, diag(X T X))dt] — 2L(5,)
YL(B){(X 1By, By — B7,) + 4vL(Be) (&, diag(X T X))dt +yL(B8:)(|5;, |, diag(X T X))dt.
And finally, we have the expression:
AV, = =2L(B;) +vL(By) (& diag(X T X)) dt + yL(Be)(|67, |, diag(X T X))dt
+ VLB (X TdBy, By — B, )

Integrating this equation between 0 and ¢ concludes the proof. [

Control of the martingale term and definition of A. Lemma@] shows that in order to control V;,
we need to control the local martingale S; = /v fo VL(Bs)(XTdB;, Bs — 52‘1>. In fact, it is
expected that the deviation of S; from its quadratic variation is very small: this is a concentration
property of local martingales similar to the Bernstein inequality for discrete ones [6]. To do so,

let us fix p < 1/2 and we define two parameters: a := max{||5; ||; In (\fllflilclll) l/|3} and
b= < 1n(4 /p)a~!. The reason behind the precise value of a will appear clearly in the proof of

Lemmas Bland[4] These parameters being fixed, we can define the event:

t
A= {vt>0,]8)] < a-+ 267 Amax / L(8.)(1Bs112 + 115, 12)ds}. (13)
0

From Lemma |9, we know that P(A) > 1 — 2exp(—2ab) = 1 — &. Note that p is a free parameter
that can be chosen as small as we want.

From now on and until the end of the Section, we place ourselves on the event 4, that is, all
(in)equalities between random variables should be considered pointwise for any w € A. To
make it clear, we will recall from time to time laconically this fact by writing, “on A”.

From Lemma[2] we deduce the following inequalities,

t

t
V= Vo < -2 /0 L(Bs)(1 = %Wdiag(XTX),Es + 187, 1)) ds + 20y Ama /0 L(BS) 18117 + 1187, [F)ds + a

¢
1 . v v * *
< —2/0 L(B:)(1 = 5{diag(X T X), & + 157, ) = by Amax (185 + 1187, [F)ds + a.
Hence, we have the following control on V; with respect to a weighted loss integral:
t
Vi Vo< 2 / L(B,)Usds +a, (14)
0

where U; := 1 — J [(diag(X " X), & + C|5; [) + 2bAmax(18:/17 + 1185, 113)] < 1. The following
lemma show that as long as U, stays positive, the iterates stay bounded.

Lemma 3. Let us place ourselves on the event A. Let T > 0. Assume (Uy)o<i<- is positive. Then
Sor all t < T we have the following explicit upper bound on both ||5¢||1 and ||&¢||1,

: EAR
18ell < el < 18 max{ 167, I (V22 ), fa3).
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Proof. Let t < 7. Remember that a(t) = o ® exp ( — 2’y(f0 (ws ds) dlag(XTX)> € R%

Since V; < -2 fo s)ds + a and smce by assumption U(s) > 0 for all s < ¢, we
immediately get that V; < Vo + a=—0¢4(0)+a = 3|3+ a. Notice furthermore that —¢q, (3:) +

(Voa,(Bt), Br — B;) = i“ﬁtnl = i(arcsinh%,ﬁ}ly Hence, we have:

B

||€t||1 = 74(;50% (ﬂt) + 4<V¢Oét (ﬂt)7 ﬂt - 52}> <arcsmh 2 ) BZ >

t
— Vi~ 4y [ L(B.)ds (5], ding(XT ) + <arcsinh—2f; i)
0 ¢
2 . ﬁt t . T v
<2|a||3 +4a+ (arcsmhﬁ,ﬁzv - 47/ L(Bs)ds (|67, ], diag(X ' X)).
¢ 0

We now use the fact that arcsinh(z) < In(2(z + 1)) and that |z| + |y| < v/2/22 + 2 for all
z,y>0.

1Bi ()] + 204(2)°
a;(t)?

s2|a||%+4a+2|5:|1n(f VISP + dai(t) ) Zwun(exp( /thS)dsdiag(XTX)))

min Oé

t
léells < 2llelf3 +da+ Y |57 1n ( ) - 47/0 L(Bs)ds (|6;, |, diag(X T X))

t
iy / L(B.)ds (87, ], diag(X T X)).

Since the last two terms cancel and for all 7, \/|ﬁl (D2 + 4z (OF < ||€]1, we have
el < 2llell3 + 4a + |85, |1 In ﬁM )
a ! min a?

V21187, Il

T hin a2

To obtain the explicit upperbound we use Lemmawith A= 2‘/§Ha|2‘2 + 4‘“@ and B =

min Oé min Oé min a

since the condition on A, B are satisfied as 4 +In(B) > QHQHQ +In (\f“ﬁgllh) > 1+In(v/8d) > 2,

18 min o?

as soon as d > 3. Hence,

5 ) Nl
18 < el < > (mn% +da+ 8,11 In (””'))

min o

<3187, 1uin (VEIEELL ) + a3 + 100

< 18 max{[| 67, | In(vZL2 “”H a2},

where in the last inequality we plug in the value of a. This concludes the proof of the lemma. O

Recall that we defined Uy = 1 — % [(diag(X " X), & + (87, 1) + 2bAmax (1813 + 1157, 1I7)] . We now
show that in fact (Uy;); is always lower bounded by a strictly positive constant. Hence, the result of
Lemma 3]is valid at any time ¢ > 0.

Lemma 4. On A, let us fix v < [400\pax ln(%) max{||3; [[1In (\/;lll‘fg Hl) ll|3}]~1. Recall that

Ur =1 3[(diag(XTX),& + 165, 1) + 20Amsa(18:]2 + 155, I3)]. then for all t > 0,

U >

l\D\’—‘
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Proof. Let us define the stopping time 7 = inf{¢ > 0 such that U(t) < %} Note that

Y Ndiae( X T X i ;
Uo =1~ 5 [(diag(X T X),20% + |67, 1) + 20X |57, )]
gl * ;
> 1= D hmae 2l + 1187, 1 + 251187, 1)

4
>1— 2y Amaxaln(-)
p

)

DN | =

>

where the last inequality comes from the upperbound on . Since U; is continuous we have that
7 > 0. Assume that 7 < +00, by definition of the stopping time, for ¢ < 7: U(t) > 0 and we can
apply Lemma 3] at time 7:

. 182,111
161 < el < WBmac()3; 1 tn (V22075 ). ).
Therefore:
i
Ur = 5[ dlag X X) &+ |ﬂ£1|> + Zb)‘maX(Hﬂrul + Hﬁelll )]
i
> 1= 5 Ama 611+ 187, [l + 260118+ 17 + 1187, 117)]
¥ \f||ﬂel||1
> 1= w18 max{ 57,1 I (057 ) 3}
V2|8
r2.18. bmax{||/sz;||%1n2 (L) o).
Since b = £ ln(%) max{|| 37 Ilx ln(%), l]|3} 1 we get that:
0% 4 * (\f”ﬂelnl) 2
>1- 1 il
Ur 21 2>\maxln(p)max{\|ﬂellllln a2 )l 3318 + 187
4 \ V218; 11s
> 1= 17510 oA {57, o (S5 ). )
1
27
where the last inequality comes from the choice of ~.
This is inconsistent since U, = % Hence 7 = +o00 and thus U; > 1/2 for all ¢. O
From the result of Lemma ] with Equation (T4), we obtain:
! \fllﬂ B
| B0 < Vo - Vit o < Vi 2max(, I (Yt ) JalB) 09)
0

Hence it remains to lower bound V; in order to get the convergence of the integral of the loss.

Lemma 5. On A, let ~ be set as in Lemmal[3| for all t > 0, we have the following lower bound on V;:

vz =80 (I s i (V2R i ) ).
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Proof. We follow exactly the same proof as for upperbounding the iterates.

t
4V, = Z \/ B+ da; ()t — <arcsinh2itt2,ﬁzl> + 47/0 L(Bs)ds (|57, |, diag H)

) i ()2 t . .
> [I&ell — Z 187 In (W) +4VA L(By)ds (|85, |, diag H)

* ||§tH1
S N AR
* ”'525”1
> — —_—
- ”ﬂgl I In (ﬁmina?)
>

RNETY, * AR
1 (g e {1, (V225 ).l ).

O

Hence (V;):>0 is lowerbounded and we can derive an upper bound on the loss integral to show the
right part of Proposition|3] We recall it here in the following proposition.

Proposition 4. On A, let v be set as in Lemma[3| we have the following upper bound on the loss

integral:
’ - . 187,111
vVt > 0, /0 L(Bs)ds <O (max{”,@’el”l In (minla2) , ||o¢||§}) .

%

As a consequence, the integral fooo L(Bs)ds converges.

Proof. From Equation (I3), we have that

t Ve A
L(8, < - 2 JlliIn (———— 2
| 25 < Vi 2max, i (X500 ) a3

and thanks to the lower bound on V; from LemmaE], it yields,

t *
/ L(8.)ds < ||52H1 ln( 18\@2 max{lﬂzlllln (ﬁ
0

min o

\/5 *
VRPN a3y,

AR,
, 2 ma e (
oz ) 1018 ) = 2ma{187, 1 (<5055 ).l

hence the integral fooo L(Bs)ds converges and we have furthermore the O bound of the proposition.
O

B.3 Proof of the convergence of the iterates: Proposition 2]

In this subsection we prove the convergence of the iterates which corresponds to Proposition 2] of the
main text. For the sake of completeness, we recall this fact in the following lemma.

V21185, I

min o2

k3

Lemma 6. On A, let v < [400\pnax ln(%) maX{HﬁZ‘lHl In(
(Bt)i>0 converge to an interpolator B, i.e. such that L(3%) =0

), ||06H§}]71. The iterates

Proof. Consider the following Bregman divergence style function for any interpolator 5* :
Wt = ¢aoo (6*) - (ZSOét (ﬁt) + <v¢o¢t (ﬁt)aﬁt - ﬂ*>a

where o, = aexp ( = 2y( fyT L(Bs)ds) diag(XTX)) > 0 is well defined on A as a result of
Proposition[d] The exact same computations as in Lemma[2]lead to:

t t t

W, =Wy — 2/ L(Bs)ds + (diag()_(T)_(),v/ L(Bs)¢&sds) + \ﬁ/ \/L(BS)(XTdBS,BS — 5.
0 0 0

Note that:

. fot L(Bs)ds converges from Proposition
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o fot |L(Bs)&s]l1ds < maxszo(Hfsﬂl)fgL(ﬁs)ds < oo from Proposition Hence
fot L(Bs)&sds is absolutely convergent, hence converges.

o fot VL(Bs){X TdBs, Bs — *) has a quadratic variation equal to 4fg L(B5)*ds and
4f0t L(Bs)%ds < 2Amax fg L(Bs)(||Bs]13 + [18*]|3)ds. This implies that the quadratic
variation converges. Hence we obtain the convergence E] of the Brownian integral

JE/L(Bs)(XTdBy, B, — B*).

Overall we get that WW; converges for all choice of interpolator 5*. Now note that since fooo L(Bs)ds <
+00 we can extract a subsequence such that L(B4()) T 0. Since (f;): is bounded (Lemmas
—00

and{), so is (B4(¢)): and we can extract a new subsequence which converges. Let 3%, denote the limit:
Bao(t) v B%, where ¢ is the double extraction. Since L(B4(1)) o 0 so does L(B¢,)) T 0.
—00 —*00 00

By continuity of the loss we have that 5% is an interpolator. Now notice that since the Lyapunov W;
with the choice 8* = [, converges and that Wy, ) . — 0 we get that W, , — 0.
—00 — 00

Furthermore:

Wi = ban, (Boo) = Par (Bt) + (Va, (Br), Br — )
> $a, (B%) = Pa, (Bt) + (Va,(Bt), Bt — B)
= Dy, (B, )
>0

where the first inequality is because a — ¢, () is decreasing and a; > ... Therefore
Dy, (8%, B¢) — 0. Finally, since:

2 ST
\% ¢O¢t (/Bt) - dlag( ﬁi(t)Q T 4041(2)
1

( \/Inaxs{ﬂi(s)Q} + 404 )i
1

> diag

> diag( > )i
Vmax {[[5(s)[[7} + 40
> ulg,
for some y since the iterates are bounded. Therefore for all ¢ > 0, ¢, is u-strongly convex on

some convex set in which the iterates (3 stay in. Which means that: Dy (8%, 8;) > 5|8 — 8% |3-
Hence 6, — BS.. O

Lemma @ along with the fact that the event A has probability at least 1 — £ (see Lemma E] and
paragraph around [T3)) concludes the proof of Proposition [2]

B.4 Proof of Theorem[Il

We are now equipped to prove the main result of the paper. For clarity we recall the statement of the
theorem here.

Theorem 1. For p < 1 and wo1 = a € (Rj_)d, let (wy)¢>o follow the stochastic gradient

2
flow @) with step size v < O([ln(%))\max max{||37, ||, In (Illlfﬁl ‘:2), ||0¢H%}]_1) where (37 =

arg min || 3|1 and Amax is the largest eigenvalue of X T X /n. Then, with probability at least 1 — p:
BER s.t. X B=y

o (B1)i>0 converges towards a zero-training error solution 35

3See for example Theorem 5 of https://almostsuremath.com/2010/04/01/
continuous-local-martingales/| for a proof of this fact. For the moment we did not find a pre-
cise reference of this standard fact in the classical [30].
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o the solution S satisfies

XTX +o00
B = argmin ¢, _(8) where ao = a®exp (—27 diag ( - >/ L(ﬂs)ds) . 5
0

BER 5.1 X B=y

Proof. Recall first that on A, Lemma [6]implies that the iterates converge towards a zero-training
error we denote by 85 . From Proposition|l| we also have that:

AV ¢a, (B:) = —VL(B:) dt + /yL(B:) X "dBy, (16)

where oy = o ® exp (—2vdiag (X ' X) fo (Bs)ds) and ¢, is the hyperbolic entropy defined
in (@). Since the quantity fo (Bs) ds is well defined on A (Proposition @), we can integrate (16)
from ¢t = 0 to t = oo which leads to Vo, __ (8% € span(X). This condition, along with the fact
that X 8% = y, exactly corresponds to the KKT conditions of the implicit minimisation problem (3).
From Lemmal9} the fact that the event .A has probability at least 1 — p concludes the proof. [

B.5 Lower bound on | L(3,)ds and proof of PropositionES]

Similarly to what has been done in subsection [B.2] in order to lower bound the loss integral, we
need a (different) control on the deviation of the local martingale .S;. We choose a := W /2 and

b= 21In(4/p)a~" so that once again ab = 2 1In(4/p). We refer to Lemmafor the definition of
Ws*. Now that these parameters are fixed, consider the new event:

t
B = (¥t > 0,]S:] < &+ 267 Amax / LB (1812 + 1165, |2)ds}
0

In this entire subsection we shall put ourselves on the intersection AN B which occurs with probability
P(ANB) >1— (P(A®) + P(B)) > 1 — p. Furthermore since the goal of this section is to obtain
an idea of the dependency on « of the integral of the loss as o goes to 0, we shall consider the
initiglisatigns a = al, therefore for now on « is a positive scalar. Note that with this convention
lellz = a®d.

Notice that the quantity ~ fo L(Ss)ds, through as, controls the magnitude of the sparse-inducing
effect. In the following lemma we show that this quantity is lower bounded by a quantity which
is strictly increasing with . This recommends to pick the largest ~ (as long as the iterates
converge). This fact is also observed in practice.

Lemma 7. On AN B, let v < [400\pmax ln(%)max{HﬂZHl ln(%),oﬂd}]ﬂ
+o0 W
~y
v [ etz B
0 4 1+ V{,Ma
@ . 4 * 12 12 \/i\IBZ (! 4 92
where W§ = min _ ¢o(B)—¢a(0) and M = [325Apax In(3) max{||5;, [|{ In"(—Zz"—), a*d*}].

B st Xp=Y

Proof. According to Lemma 6] the flow converges to an interpolator 5% . We consider the same
Lyapunov as before:

Wy = ¢aoo (Bgo) - ¢06t (ﬂt) + <V¢06t (ﬁt)aﬁt - ﬂgo>v

which is such that, following the same computations as in Lemma [}

t

t
2/ L(Bs)ds =Wy — Wi + ’y(diag(XTX),/ L(Bs)&sds) + St
0 0
>Wo— Wi+ 5,

where S; = fo VAYL(B)(X B, Bs — B;).
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Now since we put ourselves on 5:

o0 . “+o0
2 / L(8,)ds = Wo — @ — 26y Ama / LB (1812 + 1185, 12)ds
0 0

~ > 2 2.2 ”ﬁ; Hl 4 12 oo
> Wo = & — 267 Anax(187 + 1) max (|37, [ n? (V275 ) ad )/ L(B5)ds
0

~ +OO
> Wy —a — 2vbM In(4/p)~* / L(Bs)ds
0

where the second inequality comes from Lemma [3|(which is still valid since we are on the event A)
and M = [3251n(4/p) Amax max (|57, I3 1n2(ﬁ%712”1), a'd?)]. Hence, we can lowerbound the

integral as
+o0 Wo —
/ L(B:)ds > (s
0 2+ 2ybM ln( )1

Importantly Wy = ¢o__ (8oc) — $o(0) depends on S and is therefore stochastic. However, since
for all 8 € RY, a + ¢(B, a?) is decreasing and e < v, We obtain:

Wo = (baoo (500) - ¢a(0)
Z ¢a (600) - (ba (O)
2 ¢a(Ba) = a(0) :== Wg',

where 3% = argmin ¢(3, a?). Therefore, we control the integral of the loss as

B st XB=Y
+oo @

/ L(Bs)ds > W' =

0 2+ 27bM ln( )1

4
p

We now plug in the values & = & and b = #ﬁ In(3):
+oo o
W v
7/ L(B)ds> V07
0 4 1+ vy
O

To complete our understanding of the dependency of the integral of the loss in terms of « and 37,
we need to know the dependency of W in «.. The following lemma does so. We consider the limit
a — 0 which corresponds to the rich regime we are interested in.

V21187, I
042

Lemma 8. On ANB, lety < [400Amax 1n(%) max{||; |1 In( ), &2d}] 1, then for o small

enough: . 18
o0 1 ) 1
S - * 1
| zeyas = g ().

Proof. Applying Lemma forall B € R?, ¢o(8) — ¢ (0) > 1 3. max {0, |3;|In ‘2*?12! }. There-

fore,
— Z |50t Z

Note that 3, = argmin ¢,(3) and ;, = argmin ||3]|;. From Theorem 2 of [36]: [8%]l; —
B st XB=Y B st XB=Y a—0
18, Il which leads to:

B*
az

1851 18 I
D 1B~ B [l In
7
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187, Il

a2

and W§ > 1|87, |l In (
a—0

of M and the lower bound on Wg:

). Finally, for o small enough, from the upperbound on +, the value

1

3

— <
TWe a0

which along with Lemma (7] concludes the proof. O

Therefore through this lemma we see that by picking the biggest step-size which ensures convergence,
we have a dependency of the integral of the loss as In é

Now we are equipped to prove Proposition[3] We recall it here to be self-contained.

Proposition 3. Under the same setting as in Pmposition@] with initialisation wo + = al, we have
with probability at least 1 — p:
) , azd}) .

\ AR e \

Q167,11 In 5 < L(Bs)ds <O maX{HﬁZlHlln
o a—0 Jo

Proof. Let us place ourselves on the event A N B. Let us recall that P(AN B) > 1 — (P(A%) +

P(B%)) > 1 — p, where the last inequality results from the definitions of .A and B3 and Lemmal9] As

this event is included in A, the right inequality of the proof corresponds exactly to the Proposition ]

of Appendix [B.2] The proof of left inequality of the proposition comes from Lemma8] O

187, 11
2

«

In the final proposition of this subsection, we give the scale of .., we obtain thanks to our analysis.
Indeed though we know that in all case o, < a, we would like to quantitatively know how much
smaller the effective initialisation is in order to have an idea of the gain of SGD over GD (in terms of
implicit bias).

Proposition 5. Consider the iterates (wy);>0 issued from the stochastic gradient flow (), initialised
at wo+ = ol € (R})% Let p < 1 and ~ matching the upperbound in Theorem|l} i.e. v =

¥ V2167, |l
[400 A max ln(%) max{|| 8, |1 In(~—z9—
small enough:

), &®d}| Y, then with probability at least 1 — p and for o

Qoo ( 1 diag(XTTX)
— <exp| —
=P 1600I() T e

Proof. The fact that a, = aexp (—27 diag (XTTX) f0+oo L(Bs) ds) along with the lower bound
from Lemma8]and the value of +y gives the result. O

This result tends to show that the overall gain of SGD over GD is only by a constant factor
. Tx
exp(— IGOO}H( S diag(*; )) < 1. We believe that our analysis is not tight and that the gain is

Amax

in fact more consequent, this is explained in the following subsection.

B.6 Scale of o, when assuming that the iterates are bounded independently of a.

In this subsection we explain why we believe that our analysis lacks of tightness. In Lemma 3 there
is a dependency in ln(é) in the upperbound of the ¢; norm of the iterates. We believe that this
dependency is an artifact of our analysis and that the true bound is independent of «, this is also what
is observed in practice. This is the reason why we formulate the following assumption:

Boundedness assumption. On A, ||3;[|1 < [|&]l1 < max{||5; [|1,*d} forallt > 0.

Under this assumption, we obtain convergence of the iterates towards an interpolating solution under
a weaker constraint on «y (bigger step-sizes can be used while still ensuring convergence) as well
as a much better upperbound on the scale of a,. The aim of the following result is to give the
relevant scale of how small is oo, w.r.t. «. Hence, for the sake of clarity, we will assume that
diag(X " X/n) ~ Amax1 (which is true for sub-gaussian inputs with high probability). We also fix
p = 0.01 and drop all the numerical constants under some universal constant ¢ > 0.
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Proposition 6. Consider the iterates (wy);>¢ issued from the stochastic gradient flow @), initialised
at w4+ = ol € (R%)% Assume boundedness of the iterates and v = © ( max{||5f, |1, a®d} ™),
then with probability at least 0.99, the iterates (f;)i>0 converge towards an interpolating solution
LY = argmin @ (B). Furthermore, for o small enough, there exists { > 0 such that:

BERY s.1. X B=y
¢
-
a 1157, ll1

Proof. As said earlier, we fix p = 0.01. Then, by following the proof of Lemmad] and using the
boundedness assumption instead of Lemma one obtains that for v < O(max{||3} [1,?d} ")

(as mentioned the precise numerical constants are dropped for simplicity) then U; > % forallt > 0.
The results of Lemma [5] Proposition [, Lemma [6] and therefore Theorem [I] then still hold with
probability 0.99 but with the weaker condition that v < O (max{||8} [1,*d} ).

For the upperbound on «,, we follow the exact same steps as in Appendix [B.5] Indeed Lemma 7]
now gives, for v < O ((Amax max{||5;, [|1, a*d})~?):

+oo o
Wi Y
L(Bs)ds > —=———+,
’Y/O (Bs) 4 1_’_7%
where M = O (Amax max{||3; [|7,0*d?}). Plugging in the maximum value of v, ie. v =
O ((Amax max{[|3; |l1,a*d})~"): we have that v —> 0 and for o small enough yWg* >
0 o—

)

Plugging this inequality into the definition of a, and assuming that diag(X " X/n) ~ Apax1 leads

to:
2(1)
O /(XTX oo o’
Qoo = QL Exp (—leag ( - ) 7/0 L(ﬂs)dS) <« (/8;1”1> )

This concludes the proof of the Proposition. O

Q ()\*1 In (HB“QHI ) ) Therefore for o small enough:

oo 182, 1l
~1 ¢
'y/o L(Bs)ds > Q <)\max In ( 5

(67

This upperbound is significantly better than that of Proposition[5} the smaller the initialisation scale
« and the greater the benefit of SGD over GD in terms of implicit bias. More precisely, Proposition [6]
shows that the benefit scales as a power law with respect to the initialization «.

C Deterministic framework

In this section we recall some known results concerning the implicit bias of deterministic mirror
descent as well as give convergence guarantees. In the previous section, the stochasticity of the flow
made the analysis much more involved. In contrast, the analysis is straightforward in the deterministic
setting and we believe this simple case can serve as a warmup to gain further intuition. Note that even
though these results are known independently, we did not find a clear reference gathering them. See
for example [4] for the convergence of the iterates towards an interpolator and [14] for the associated
implicit minimisation problem.

Proposition 7. For any convex loss L such that there exists at least one zero-error interpolator, let
U : RY — R be a strongly convex and twice differentiable function which we call potential. For any
initialisation By € RY, consider the mirror descent flow (Bt)+:

dVU(8;) = —VL(B)dt. a7
Then the iterates (B;): converge to an interpolator 3o, which satisfies:
Boo = argmin Dy (8, Bo) suchthat Xp =1y, (18)
BERY

where Dy (8, Bo) = ¥(B) — ¥(Bo) — (V¥ (Bo), 8 — Bo) is the Bregman divergence w.r.t. U.
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Proof. We divide the proof into three steps.
First step: the loss goes to 0.
Note that:

d

aL(ﬂt) = *<VL(5t)a 5t>

= —([V2U(B,)]'VL(B:), VL(B))
S Oa

where the inequality is by convexity of the potential ¥. Hence the loss is decreasing. Now consider
the Bregman divergence between an arbitrary interpolator 5* and f;:

Dy (8", B) = ¥(B") — W(B:) — (V¥(Be), B" — Be) > 0.
which is such that:
d . d o
&D\P(ﬁ 7Bt) - <&V\I](ﬁt)7ﬁt 5 >
= _<VL(ﬁt)vﬂt - ﬁ*>

< —L(B) 19)
<0

where the first inequality is by the convexity of the loss. Therefore:

1 t
L) < ¢ [ 1s)as

Dy (5%, Bo) — Dw (5%, Br)
t

IN

D *
S ' (ﬂ 3 BO)
t
— 0.
t—+o00
Hence the loss converges to 0.
Second step: the iterates converge towards an interpolator ...

Since %qu (8%, Bt) < 0, we have that whatever the interpolator §*, Dy (8*, ;) is decreasing over
the trajectory. Since it is a positive quantity we get that it converges. Moreover V is p-strongly
convex which means that we also have ||3; — 5*||3 < %qu (8%, Bt). The flow (B;); is therefore

bounded and we can extract a convergent subsequence: let 3., be such that 4 t—) Boso. Since
—00

from the first step L(3;) — 0, by unicity of the limit L(, ) also converges to 0, and we get by
continuity of L that 8 is an interpolator. This means that (a) Dy (8, 3;) converges and (b) it
converges towards the same limit as Dy (oo, B¢(¢)) Which is 0. Finally:

2
0 <18 — Booll3 < ;D\Il(ﬂooaﬂt) e 0,

and therefore 5; converges towards the interpolator 5.
Third step: implicit bias.
Note that:

VU(B) = VE(By) = —/0 VL(B,) ds

¢
= —XT/ (XBs —y)ds € span(X).
0

Therefore: VU () — V¥(8y) € span(X) and X S = y, which are exactly the KKT conditions
of the minimisation problem:

min Dy (8, 080) suchthat Xpg=y.
BeR?
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Remark on the loss integral. We can also show that the integral of the loss converges. Indeed from
inequalitywith B* = Boo, we immediately get that fooo L(Bs)ds < Dy (B, o). Furthermore,

when L is the square loss L(8) = (8 — 8*) T H(3 — 3*), then inequalitybecomes the equality
S Dy (B, 1) = —2L(B;) and hence [ L(B,)ds = §Dy(Bso; Bo)-
O

In our framework, for the deterministic case, we cannot simply apply this result with ¢, indeed it is
not strongly convex over R%. However following the exact same proof as in Lemma [3{and LemmaE]
but in the deterministic case (which is easier since we do not need to use martingale concentration
inequalities), we can show that the iterates /3; are bounded. Using Proposition[7]but on a convex set
in which the iterates stay and over which ¢, is strongly convex (as done in Lemmal6]) leads to the
convergence of the iterates.

D Experiments

In the following section we consider the same experimental setup as in Section[5.1} which we recall
here for clarity. We consider n = 40, d = 100 and randomly generate a sparse model 3/ such

that || 3 [0 = 5. We generate the features as x; ~ N(0, I) and the labels as y; = x 3; . We use
the same step size for GD and SGD and choose it to be the biggest as possible while still ensuring
convergence. Note that since the true population covariance E[zx "] is equal to identity, the quantity
8¢ — B, ||3 corresponds to the validation loss.

D.1 Doping the implicit bias using label noise: experiments

We consider the label noise setting discussed in Section for a sequence (d¢):cny € R4, assume
that we artificially inject some label noise A, at time ¢, say for example A; ~ unif{24;, —24,} and
independently from ¢, (other type of label noise can of course be considered, but we consider here
this one for simplicity). This injected label noise perturbs the SGD recursion as follows:

Wit =wex Fy (B — 8%, 24,) + Ar) T4, Owy g, where i; ~ unif(1,n). (20)

Using the same notations and following the same derivations as in Appendix |Al we can rewrite the
recursion as:

Wit1,+ = Wit — 7V, L(wy) £y diag(we,+) X T [&, (B:) + Asey, |-
Since A; is zero-mean and independent of i; we get:

Cov;, &, (B) + Aves,] = E;, [&,(8)P%] + E[A7e?]
B 6, (8)52 + 2

—1I,.
n
Now following the same reasoning as in Appendix [A] it is natural to consider the following SDE:

dwyi = Vi, L(w,)dt £ 2/~ (L(w,) + 62) wyp © [XTdBy)

Let L(B;) = L(f;)+6? be the "slowed down" loss. Following the same computations as for Lemma
we obtain that:

B¢ = 2a2 © sinh(2X " 7,),

where 7, = —fot X(Bs — B*)ds + Z\ﬁfg L(Bs)dB; € R" and oy = a @ exp( —
2vdiag(X " X) fot i(ﬂs)ds). And following the proof of Proposition
dVéa, (Br) = —VL(B) dt + \/yn=1L(8,) X T dB,. 1)

Assuming that (6;);>0 € (R4 )® and v are such that the iterates converge (here we do not show
under which conditions we have convergence and leave this as future work), the corresponding
implicit regularisation minimisation problem is preserved but with an effective initialisation: ds, =
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X'x
)

a®exp (—2’7 diag( O+°° L(B,) ds) which takes into account the slowed down loss L(3;) =

L(B:) + 67 . Since it is reasonable to consider that s, < @i, the label noise therefore helps to
recover a solution which has better sparsity properties.

We experimentally validate the advantage of adding label noise by choosing the sequence §; = 1 if
t < 10% and §; = 0if t > 103. The results are illustrated Figure Note that the training loss is
heavily slowed down, however the recovered solution at iteration ¢ = 10° is much better than that of
SGD, and it has not even converged yet. However, it must be kept in mind that adding too much label
noise can significantly slow down the convergence of the validation loss or even prevent the iterates
from converging.

Train losses L(f;) /0 i(ﬁs)ds Test losses ||8; — Bz, |I5

0 N e "
10 =N 120 / 10

/ 100

1073 !
o L 100 ! 10-1
- RN . A
T, ow o0 L E—
10°° 60 ~7- SGD 1073 A
---- SGD, label noise \
S : 7= | — o .
—— / _s| ---- SGD AN
078 SGD, label noise 20 S 1o SGD, label noi ~
' 227 108] T , label noise .

10° 10 102 10° 10 10° 10°
iteration t

18 i
10° 10' 10 10° 10* 10° 10°

. . 0 1 2 3 4 5 6
iteration t 10 10 10 10 10 10 10

iteration t

Figure 5: Sparse regression (see Section [5.1] for the detailed experimental setting), illustration of
the benefits of using label noise. All experiments are initialised at o = 0.01. Left: The use of label
noise slows down the convergence of the effective training loss L. Middle and right: the value of the
integral of the slowed down loss L is much higher for the recursion with label noise, leading to a
solution which generalises much better.

E Extensions

We introduce two extensions of our results: subsection [E.I]extends our results for a very general
stochastic gradient flow model and subsection [E:2]discuss them in the depth p > 3 case.

E.1 Towards a more general SDE modelling

Recall from the SDE modelling of Appendixthat Cov;, [&,(8)] = 2 diag(L;(8))1<i<n + O(:5).
If we assume n large enough we can neglect the second order term of order 1/n?:
4
Covi, [€:,(B)] =  diag(Li(B))1<i<n-
Assume we do not consider that L;(3) ~ L(f), then the overall SGD noise structure is captured by
Yeop (wy) := 7% diag(ws) X T Covy, [, (8)] X diag(w)
4 . .
= —v’[diag(w) X " diag(v/Li(8))] %%,

This leads us in considering the following SDE:
dw; 4 = =V, L(wy) dt +2y/7 wy 4 © [X T diag(y/Li(8))dBi]
dw; — = —V,_L(wg)dt — 27wy~ © [X " diag(y/L;(B))dBy].

As previously, this SDE admits an implicit integral formulation (multiplication must be understood
component-wise):

Wi+ = W=+ O exp(£X [— / r(ws)ds + Qﬁ/o diag(\/Li(ws)) dBs])

0

(22)

© exp(—2'ydiag(XT/o diag(L;(ws)) dsX))

=a; ® exp(i)_(Tnt),
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where 7; = —fO (Bs — B*)ds + foodlag VLi(ws))dBs € R® and oy = a ©
exp(—2v diag(X T fo diag(L;(ws)) dsX)). Since 8 = w — w?, we get:
By = atz ® (exp(—|—2)_(Tnt) — exp(—QXTnt))
=202 ® sinh(+2X "7,).
And we obtain the following mirror-type descent flow:

AV, (Br) = =V L(B:) dt + /X " diag(\/Li(3:)) dB;.

Assuming convergence of the iterates and of «;; (we do not show the convergence, though we think
the proof could straightforwardly be adapted following Appendix[B]), the corresponding minimisation
problem is:

BY = argmin ¢, _(8) where as = a® exp(—2y diag(XT/ diag(L;(Bs)) ds X)).
BER? st. X B=y 0

Note that the main result of the paper is very similar, the difference relies in:

o the k'" coordinate of diag(X " diag(L;(Bs)) X) is Eq, [Ls, (Bs)(x (.k))Q]
o the k'" coordinate of L(f,) diag(X " X) is E;, [L;, (8s)]Es, [(= (k)) ]

E.2 Higher order models: the cases of depth p > 2

Until now, we have focused on a 2-homogeneous parametrisation of the estimator. A legitimate
question is how the implicit bias changes as we go to a higher degree of homogeneity. In terms
of networks architecture, this corresponds to increasing the depth of the neural networks. Let

us fix p > 3 with the new parametrisation [3,, = w’j_ — w?, the loss of our new model writes:
L(w) = =37 (wh —w?” — 3%, 2;)%. As previously, we want to consider the stochastic differential

equation related to stochastic gradlent descent on the above loss. With the same modelling as in
Section[2.2] stochastic gradient flow writes:

dwy = —V, L(w;)dt £ 24/yn~1L(B;) diag(w}3') X "dB;, (23)
where B; is a standard Brownian motion in R™. We would like to put emphasis that, unlike the
2-depth model, we do not provide a dynamical analysis enabling convergence proof and control of
interesting quantities. Here, the aim is to show how our framework naturally extends to general depth
and how the convergence speed of the loss still seems to controls the effect of the stochastic flow
biasing. Contrary to the 2-depth case, the potential cannot be defined in close form, but we still
have the following explicit expression, ¢f, . (3) = Zle b+ (i), where ¢a +=[[hh ] isa

primitive of the unique inverse of hf, , (2) := (7P —2) 72 — (0> P42) 72 in (> P a7 ?),

In the following theorem we characterize the implicit bias of the stochastic gradient flow when apphed
with higher order models.

Theorem. Initialise the stochastic gradient flow with wy = a1 € R?4, If we assume that the flow
(Bt)tzo converges almost surely towards a zero-training error solution SP, and that the quantities

fooc L(Bs ds and fo (Bs)ds exist a.s., then the limit satisfies
5oo,p = arg min ¢(p;oo,i(5)v
B st XpB=y

With coe = = a1+ 2y(p — 2)(p — 1)~ 2 diag(X-X) @ [ L(B,)w!3>ds) * 7

First let us stress that without a close form expression of ¢¢ and proper control of fooo L(ﬁs)wﬁ”fds
with respect to p or «, it is difficult to conclude directly on the magnitude of the stochastic bias. Yet,
the main aspect we can comment on is that, as in the depth-2 case, o + < o almost surelyﬂ and that
the convergence speed of the loss controls the biasing effect. As in [36]], it can be shown empirically
that qbﬁ)i interpolate between the ¢; and the {5 norm as a+ — 0 and a — 400 respectively and
that the transition is faster than for the depth-2 case.

We directly prove this theorem here.

SNote that, as the weights are initialized positively, they remain positive: w; + > 0, for all > 0.
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Proof. We apply the It6 formula on wtz;p and w?;p to get the following:

d[w; 7] = (2 - pw, ¥ © dwy s +2(2 — p)(1 - p)YL(B)w, b © P © diag(H)
—p(2 = p)X "r(By)dt + 2(2 — p)(1 — p)YL(B)w!}* © diag(H)dt + (2 — p)y/yL(B) X "B,
= —XTdA, + O dt,

where dA; := —p(p—2)r(B;)dt +2(p—2)\/vL(B;)dB; and C;" := 2(p—2)(p— l)yL(ﬁt)wf;z ®
diag(H). Similarly, with explicit notations, we have that:

d[w; "] = X TdA, + Cy dt.

Hence,

t t 525 t t P
wf | = [a2_p—XT/ dA5+/ cjds] and w}_ = [aQ—PJrXT/ dAS+/ C’;ds] :
0 0 0 0

And finally,

t t P t t P
Br=wf, —w}_ = {az_p —|—/ Clds — XT/ dAS} — [a2_p —|—/ Cyds+ XT/ dAs} :
0 0 0 0

Defining affE B =a?P+4 [P Ctdsandve = [, dA,, if all quantities have limits when ¢ — co
we have that Boe = o p+ (X TVoo), Where hy p 4 (2) = (affzﬁ_ —2)TF — (osz;fi +2)77 . Inverting
this function and integrating gives the theorem with the standard KKT argument [see |36, under
Theorem 1 page 4]. O

F Technical lemmas

In this section, we state and prove technical lemmas which we use to prove our main results.

Lemma 9. For any interpolator 3*, Sy = fo VYL(Bs)(X TdBy, Bs — B*) is a square-integrable
martingale with a.s. continuous paths. And for any a,b > 0:

PVt > 0,[5:] < a+ 26y Amax /t L(Bs)(11Bs 1T + [181F)ds) = 1 — 2 exp(—2ab)
0 =1-p,
where p = 2 exp(—2ab).
Proof. Since (S;);> is a is a locally square-integrable martingale with a.s. continuous paths, [[19]
Corollary 11] gives that
P(3t € (0,00) : St > a+b(S);) < exp{—2ab}).

>< |

We now compute the quadratic variation (S);. Notice that (X "dBy, 8; — 8*) = Y 1_,]
B*)]xdBE, hence the quadratic variation of S; equals:

(B

n

(S) = / L(8,) S IX (8 — B7)3ds

0 k=1

. t S Ak [12 s
_7/0 L(B)|IX (B, — B°)%d

t
oy /0 L(8,)%ds
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Furthermore, since:

1w

| |
\

B)TXTX(Bs — 57)ds

< Ama / L(8,)I18, — B*|12ds
< 2 / L8812 + 1572)ds
t
< D / L(B.) (1612 + 18°]12)ds

we obtain that:

t
(S < 29N ma / L(B.) (1612 + 18°]12)ds

and:

t
P(3t 2 0,15 2 a Zovdmas | LBIIBLIE + 157 )ds)
0

< P(3t>0,|S:| > a+b(S),)
< 2exp(—2ab).

Lemma 10. Let A, B > 0 such that % +1n(B) > 2. Assume that v < A+ Blnx, then

< g(A + BIn(B)).

Proof. * < A+ Blnxisequivalentto z < exp(—%) exp(F

Standard analysis on the Lambert W
function shows that this leadstox < —B W_;(— % exp(—4)

)-
) where W_ is the lower branch For

B
—% < z <0, the branch W_; can be lower bounded as: W_1(z) > —y/—2(1 + In(—2)) + In(—
(see Theorem 1 of [[7])). Since In(—z) = In(5 exp(—4)) = ( +In(B)):

z < B(\/Q(—l + % +1In(B)) + % +1n(B))
< B(VE(~1+ % +n(B)) + % +n(5)
(V2 + 1)3(2 +In(B))

IN

< g(A + Bln(B)).
This concludes the proof of the Lemma.

Lemma 11. For any o > 0 and B € R, we have the following inequality:

1 18]
%a(B) = ¢a(0) > § max{O Bl }

Proof. Let us fix a € R. First notice that by parity in 8 of the functions involved, and as the
inequality holds in 8 = 0, we can suppose that 3 > 0 and define

F(8) = 0a(8) = 00(0) = 1 |Borcsinn (2 ) = /T 1 + 207

see https://en.wikipedia.org/wiki/Lambert_W_function for more details
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Trivially, f’(8) = farcsinh (%) > 0. Hence, it increases on R and as f(0) = 0, f is always

positive. This show the inequality for the left term of the max.

For the other term of the max, let us define g(3) := i Bln %, we have that

4[f'(B) — ¢'(B)] = arcsinh (222) —In (2542) +1=In (1 +4/1+ 4;?) +1>0.

Hence, f — g increases and as f(0) — g(0) = 0, we have that f > g which concludes the proof. [

33



	Introduction
	Main contributions and paper organisation.
	Related work
	Notations

	Setup and preliminaries
	Architecture and algorithm.
	Stochastic gradient flow

	The implicit bias of the stochastic gradient flow
	Links with mirror descent
	Stochastic continuous mirror descent with time-varying potential
	Convergence and control of PDFstring

	Experiments
	Experimental setup for sparse regression
	Validation of the SDE model
	GD and SGD have the same implicit bias, but from different initialisations.
	Doping the implicit bias with label noise

	Conclusion and Perspectives
	Details on the SDE modelling
	Proofs of the main results
	Proof of proporthm
	Upperbound of the integral of the loss
	Proof of the convergence of the iterates: PDFstring
	Proof of f
	Lower bound on PDFstring and proof of Proposition fez
	Scale of alphainfty when assuming that the iterates are bounded independently of alphainfty.

	Deterministic framework
	Experiments
	Doping the implicit bias using label noise: experiments

	Extensions
	Towards a more general SDE modelling
	Higher order models: the cases of depth p

	Technical lemmas

