
<latexit sha1_base64="oQpvWym6AloYo516yMb5JuXuMDk="></latexit>

{�̄ 2 R2 : min
i

yihxi, �̄i = 1}Iterations 

<latexit sha1_base64="oiCe2Y2rKkrNfidsguYWJuHW0fs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAbJHoMevEYwTwgWcPsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUA05i7od0qMRAMIpWannuY3pRmfaKJbfszkFWiZeREmSo94pf3X7EkpArZJIa0/HcGP2UahRM8mmhmxgeUzamQ96xVNGQGz+dnzslZ1bpk0GkbSkkc/X3REpDYyZhYDtDiiOz7M3E/7xOgoNrPxUqTpArtlg0SCTBiMx+J32hOUM5sYQyLeythI2opgxtQgUbgrf88ippVspetVy9vyzVbrI48nACp3AOHlxBDe6gDg1gMIZneIU3J3ZenHfnY9Gac7KZY/gD5/MHQICO4Q==</latexit>

10�2

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="RI+4eg48bKnnhd/198rGNdUVONc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVWz0WvXisYD+gXUs2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nSeqNIvkg5nG1Bd4JFnICDaZ5LmPtUG54lbdOdAq8XJSgRzNQfmrP4xIIqg0hGOte54bGz/FyjDC6azUTzSNMZngEe1ZKrGg2k/nt87QmVWGKIyULWnQXP09kWKh9VQEtlNgM9bLXib+5/USE177KZNxYqgki0VhwpGJUPY4GjJFieFTSzBRzN6KyBgrTIyNp2RD8JZfXiXti6pXr9bvLyuNmzyOIpzAKZyDB1fQgDtoQgsIjOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AFdyNoQ==</latexit>

105

<latexit sha1_base64="5DE3+MaXn9WJVEJhnfsuhgkmwSQ=">AAAB7XicdVDLSgMxFM3UV62vqks3wSIIwpApte1GKLpxWcE+oB1KJs20sZlkSDLCUPoPblwo4tb/ceffmLYjqOiBC4dz7uXee4KYM20Q+nByK6tr6xv5zcLW9s7uXnH/oK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTK7mfueeKs2kuDVpTP0IjwQLGcHGSu0UXsAzb1AsIfccIa+CIHLRApbU6jWEytDLlBLI0BwU3/tDSZKICkM41rrnodj4U6wMI5zOCv1E0xiTCR7RnqUCR1T708W1M3hilSEMpbIlDFyo3yemONI6jQLbGWEz1r+9ufiX10tMWPenTMSJoYIsF4UJh0bC+etwyBQlhqeWYKKYvRWSMVaYGBtQwYbw9Sn8n7TLrld1qzeVUuMyiyMPjsAxOAUeqIEGuAZN0AIE3IEH8ASeHek8Oi/O67I152Qzh+AHnLdPIcCONQ==</latexit>

y = +1

<latexit sha1_base64="tBIMZ5vq7hUDqnuPMISzb8OnG84=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cciU2nYjFN24rGAf0A4lk2ba2EwyJBlhKP0HNy4Ucev/uPNvTNsRVPTAhcM593LvPUHMmTYIfTi5ldW19Y38ZmFre2d3r7h/0NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJldzv3NPlWZS3Jo0pn6ER4KFjGBjpXYKL+CZNyiWkHuOkFdBELloAUtq9RpCZehlSglkaA6K7/2hJElEhSEca93zUGz8KVaGEU5nhX6iaYzJBI9oz1KBI6r96eLaGTyxyhCGUtkSBi7U7xNTHGmdRoHtjLAZ69/eXPzL6yUmrPtTJuLEUEGWi8KEQyPh/HU4ZIoSw1NLMFHM3grJGCtMjA2oYEP4+hT+T9pl16u61ZtKqXGZxZEHR+AYnAIP1EADXIMmaAEC7sADeALPjnQenRfnddmac7KZQ/ADztsnJMqONw==</latexit>

y = �1

<latexit sha1_base64="8zh0dhKW3ktxeB5n9Qe+xtghEkI="></latexit>

�̄GD
1

Limiting directions - max-margins
<latexit sha1_base64="33NrMEns/w+VUtBxtmK35FMlIG0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCBz1WsB+QhLLZbtqlm92wOxFC6M/w4kERr/4ab/4bt20OWn0w8Hhvhpl5USq4Adf9cipr6xubW9Xt2s7u3v5B/fCoZ1SmKetSJZQeRMQwwSXrAgfBBqlmJIkE60fTm7nff2TacCUfIE9ZmJCx5DGnBKzkB+mEDwMuY8iH9YbbdBfAf4lXkgYq0RnWP4ORolnCJFBBjPE9N4WwIBo4FWxWCzLDUkKnZMx8SyVJmAmLxckzfGaVEY6VtiUBL9SfEwVJjMmTyHYmBCZm1ZuL/3l+BvF1WHCZZsAkXS6KM4FB4fn/eMQ1oyBySwjV3N6K6YRoQsGmVLMheKsv/yW9i6bXarbuLxvt2zKOKjpBp+gceegKtdEd6qAuokihJ/SCXh1wnp03533ZWnHKmWP0C87HN5IJkXo=</latexit>

�1

<latexit sha1_base64="FcxD8zCCvtCLP0pETF2IWM0OUFw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjwoMcW7Ae0oWy2m3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKDeyXym7FnYOsEi8nZchR75e+eoOYpRFXyCQ1puu5CfoZ1SiY5NNiLzU8oWxMh7xrqaIRN342P3RKzq0yIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGNnwmVpMgVWywKU0kwJrOvyUBozlBOLKFMC3srYSOqKUObTdGG4C2/vEpalxWvWqk2rsq1uzyOApzCGVyAB9dQg3uoQxMYcHiGV3hzHp0X5935WLSuOfnMCfyB8/kD5TyNCA==</latexit>

t

<latexit sha1_base64="5lqc1e+btr2ZwGJWq8MGZcbKFNQ="></latexit>

�GD
1 / k · k2

<latexit sha1_base64="WbUpo2/Iy5akX4f45JREjPWYhow=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgaZkNMckx6MVjBPOAZFlmJ7PJkNkHM7PiEvIRXjwo4tXv8ebfOElWUNGChqKqm+4uPxFcaYw/rMLa+sbmVnG7tLO7t39QPjzqqjiVlHVoLGLZ94ligkeso7kWrJ9IRkJfsJ4/vVr4vTsmFY+jW50lzA3JOOIBp0QbqZd5HN173CtXsH2BsVPDCNt4CUMazQbGVeTkSgVytL3y+3AU0zRkkaaCKDVwcKLdGZGaU8HmpWGqWELolIzZwNCIhEy5s+W5c3RmlBEKYmkq0mipfp+YkVCpLPRNZ0j0RP32FuJf3iDVQdOd8ShJNYvoalGQCqRjtPgdjbhkVIvMEEIlN7ciOiGSUG0SKpkQvj5F/5Nu1Xbqdv2mVmld5nEU4QRO4RwcaEALrqENHaAwhQd4gmcrsR6tF+t11Vqw8plj+AHr7RNGjY+O</latexit>yixi

<latexit sha1_base64="9lx22EbjG4juK2xKpYSM+mxJWro=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cK9gPaWDbbSbt0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqzU8tzH7Lw66ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n83OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTH8nfa6QGTG2hDLF7a2EDamizNiEijYEb/HlZdK8qHjVSvX+sly7yeMowDGcwBl4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz9GlI7l</latexit>

10�6

Train losses  
 (Log log scale)

Mirror descent with:
<latexit sha1_base64="5g1wsUWNqqBMZjpEg2K8zXTtplM="></latexit>

�MD1(�) =
X

i=1,2

cosh(�i)
<latexit sha1_base64="sqNF4wSk+W1JhDlJADY6+TL8kG4="></latexit>

�GD(�) = k�k22
<latexit sha1_base64="4yNgfSO0z3RgS7XU60/vV5cipRc="></latexit>

�MD2(�) =
X

i=1,2

�iarcsinh(�i)�
q
�2
i + 1

<latexit sha1_base64="2A7h5lws9k2b0Whix9Mw3va8I7g=">AAACAXicdVBNS0JBFJ1nX2ZfVpugzZAEtpHn09R2UkEtWhhkCmoyb5yng/M+mLkvkIdt+ittWhTRtn/Rrn/TPDWoqAMXDufcy7332IHgCkzzw0jMzS8sLiWXUyura+sb6c2ta+WHkrI69YUvmzZRTHCP1YGDYM1AMuLagjXs4UnsN26ZVNz3rmAUsI5L+h53OCWgpW565yLbthmQLtxEbZfAQLrR2el4fNBNZ8zcUaVkHVrYzJlm2SqUYmKVi1YB57USI4NmqHXT7+2eT0OXeUAFUaqVNwPoREQCp4KNU+1QsYDQIemzlqYecZnqRJMPxnhfKz3s+FKXB3iifp+IiKvUyLV1Z3yk+u3F4l9eKwSn0om4F4TAPDpd5IQCg4/jOHCPS0ZBjDQhVHJ9K6YDIgkFHVpKh/D1Kf6fXFu5fClXuixmqsezOJJoF+2hLMqjMqqic1RDdUTRHXpAT+jZuDcejRfjddqaMGYz2+gHjLdPp/qXEA==</latexit>

L(�GD
t )

<latexit sha1_base64="w3BVAYK2/Osjf9xYhUK2u4eEC50=">AAACA3icdVDLSgNBEJz1GeMr6k0vg0GIl7AbJCa3oB48KEQwD8jGZXYySYbMPpjpFcKy4MVf8eJBEa/+hDf/xtkkgooWNBRV3XR3uaHgCkzzw5ibX1hcWs6sZFfX1jc2c1vbTRVEkrIGDUQg2y5RTHCfNYCDYO1QMuK5grXc0Wnqt26ZVDzwr2Ecsq5HBj7vc0pAS05u96JguwyIAzex7REYSi++PEscKzl0cnmzaGqUyzglVsW0NKlWK6VSFVsTyzTzaIa6k3u3ewGNPOYDFUSpjmWG0I2JBE4FS7J2pFhI6IgMWEdTn3hMdePJDwk+0EoP9wOpywc8Ub9PxMRTauy5ujM9U/32UvEvrxNBv9KNuR9GwHw6XdSPBIYAp4HgHpeMghhrQqjk+lZMh0QSCjq2rA7h61P8P2mWila5WL46ytdOZnFk0B7aRwVkoWNUQ+eojhqIojv0gJ7Qs3FvPBovxuu0dc6YzeygHzDePgHcxJez</latexit>

L(�MD1
t )

<latexit sha1_base64="7OSw2N89Xo6P5ZDwPhVZ+1xZqgk="></latexit>

L(�MD2
t )

<latexit sha1_base64="Qrs5K0CvBjCQUZROP4MWX/nNwwg="></latexit>

�̄MD2
1

<latexit sha1_base64="WHZu/rQp6K6vn8/cI67jVq5n1Zo="></latexit>

�̄MD1
1

<latexit sha1_base64="ChsaTObvY/HtZWVzqmn2xkml+7s="></latexit>

�MD2
1 / k · k1

<latexit sha1_base64="GEpTJh5kY6mbuJizVf7cPSwC5xk="></latexit>

�MD1
1 / k · k1

Gradient flow on 
 L(u ⊙ v)

Scott Pesme (Inria Grenoble) 
 Radu Dragomir (Télécom Paris) 

 Nicolas Flammarion (EPFL)Implicit Bias of Mirror Flow on Separable Data
Setup: logistic regression

Assumption: linearly separable data  the loss is minimised `at infinity’ : →

    for   lim
s→∞

L(sβ⋆) = 0 β⋆ ∈ S := {β⋆ ∈ ℝd, yi⟨β⋆, xi⟩ ≥ 1,∀i}

set of vectors defining separating hyperplanes

Many possible solutions in : which one is preferred by the method? (implicit regularisation) 
This question is important to understand the generalisation properties! 

S

The gradient method: mirror flow

strictly convex potential

Motivation: reparametrisation , then under some (restrictive) conditions:β = F(θ)

Gradient flow on   Mirror flow on θ ↦ L(F(θ)) ⟹ β ↦ L(β)

Example:     “diagonal neural networks”β = F(u, v) = u ⊙ v

Main result: convergence and implicit bias

set of separating hyperplanes

Horizon function:   ϕ∞(β) = inf{r > 0 :
β
r

∈ S∞} Minkowski gauge of  
Asymmetric norm whose unit ball  is 

S∞
S∞

e.g. polynomial, semialgebraic, subanalytic, log-exp…

<latexit sha1_base64="reIOjsbBX/rRRRbPzSycgPqkPRM="></latexit>

dr�(�t) = �rL(�t)dt

<latexit sha1_base64="txul3LufFuxLeXarkZjcvgDS7YA="></latexit>

min
�

L(�) =
nX

i=1

ln
⇣
1 + e�yih�,xii

⌘

For mirror flow, what is the directional limit  of the iterates  ?lim
t→∞

βt

∥βt∥
βt

ϕ(β) =
d

∑
i=1

(βi arcsinh(βi) − β2
i + 1)

Mirror flow on  with 
 hyperbolic potential

L(β)

⟺

<latexit sha1_base64="HJK9NGTD4MyEQYWnVJK4bURWfXY=">AAACEXicbVBNS0JBFJ1nX2ZfVss2QxIYiLwXYREEUpuWRqmB85B541UH5300My+Qh3+hTX+lTYsi2rZr179p1Lco7cCFwzn3cu89XiS40rb9bWUWFpeWV7KrubX1jc2t/PZOQ4WxZFBnoQjlnUcVCB5AXXMt4C6SQH1PQNMbXI795gNIxcPgVg8jcH3aC3iXM6qN1M4Xb9oMn2OSEA80xaR0RkqYRH1enAiHmAi4x4yM2vmCXbYnwPPESUkBpai181+kE7LYh0AzQZVqOXak3YRKzZmAUY7ECiLKBrQHLUMD6oNyk8lHI3xglA7uhtJUoPFE/T2RUF+poe+ZTp/qvpr1xuJ/XivW3VM34UEUawjYdFE3FliHeBwP7nAJTIuhIZRJbm7FrE8lZdqEmDMhOLMvz5PGUdmplCvXx4XqRRpHFu2hfVREDjpBVXSFaqiOGHpEz+gVvVlP1ov1bn1MWzNWOrOL/sD6/AHdlpsx</latexit>

Sc = {� : �(�)  c}
<latexit sha1_base64="tOpICS7yJQ9J4O4hDko1suVDnCE=">AAACGHicbZDLTgIxFIY7eEO8oS7dNBITVzBjDLoxIbpxiVEuCUMmZ0qBhk5n0naMZOAx3PgqblxojFt2vo1lYKHgSdr8+f5z0p7fjzhT2ra/rczK6tr6RnYzt7W9s7uX3z+oqzCWhNZIyEPZ9EFRzgStaaY5bUaSQuBz2vAHN1O/8UilYqF40MOItgPoCdZlBLRBXr7k+iDxvUfwVXqXsBvAk5e4PtWAXSamdIzdUQrckZcv2EU7LbwsnLkooHlVvfzE7YQkDqjQhINSLceOdDsBqRnhdJxzY0UjIAPo0ZaRAgKq2km62BifGNLB3VCaIzRO6e+JBAKlhoFvOgPQfbXoTeF/XivW3ct2wkQUayrI7KFuzLEO8TQl3GGSEs2HRgCRzPwVkz5IINpkmTMhOIsrL4v6WdEpF8t354XK9TyOLDpCx+gUOegCVdAtqqIaIugZvaJ39GG9WG/Wp/U1a81Y85lD9KesyQ8EI56U</latexit>

S̄c = Sc/max
�2Sc

k�k
<latexit sha1_base64="ITT8C/YqXUDjBZ6LeeDHNQdZzSE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVROR6kYounFZqX1AU8JkOmmHTiZh5kYpoZ/hxl9x40IRt935N04fC209cOFwzr3ce0+QCK7Bcb6t3Mrq2vpGfrOwtb2zu2fvHzR0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoPbid98ZErzWD7AMGGdiPQkDzklYCTfPqv5HpchDPE19gSP/IxiT/FeH4hS8ROemSPsBUThmk99u+iUnCnwMnHnpIjmqPr22OvGNI2YBCqI1m3XSaCTEQWcCjYqeKlmCaED0mNtQyWJmO5k08dG+MQoXRzGypQEPFV/T2Qk0noYBaYzItDXi95E/M9rpxBedTIukxSYpLNFYSowxHiSEu5yxSiIoSGEKm5uxbRPFKFgsiyYENzFl5dJ47zklkvl+4ti5WYeRx4doWN0ilx0iSroDlVRHVH0jF7RO/qwXqw369P6mrXmrPnMIfoDa/wDO+Kf6g==</latexit>

S1 = lim
c!1

S̄c

We say that  admits a horizon function if  existsϕ lim
c→∞

S̄c

Horizon function : geometry of  `at infinity’ϕ

Theorem: if  is tame, it admits a horizon  and the mirror flow iterates  converge 
in direction towards the vector  satisfying the -max margin problem:

ϕ ϕ∞ βt
β̄∞ ϕ∞

Experiments

<latexit sha1_base64="JXThN2GkqbfTDkDBPOmc4FreoJk="></latexit>

lim
t!1

�t

k�tk
=: �̄1 / argmin

�
�1(�?) : �? 2 S

 


