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A panoply of algorithms:

Some GD SGD  + momentum Batch kite.
ERM Normalisation

All can lead to zero training error but do not generalise the same.

Cifar-10 dataset: ResNet-18 (with BN):

Classification task! Train accuracy Test accuracy
GD 100% ~72% (??)

SGD 100% 85%

SGD + momentum 100% 39%

SGD + mom + DA + 7, 100% 95%

GD + mom + DA + &, 100% 87%

Stochastic Training is Not Necessary for Generalization, Geiping et al. 2021
Bad Global Minima Exist and SGD Can Reach Them, Liu et al. 2020

Revisiting Small Batch Training For Deep Neural Networks, Masters and Luschi 2018
4732



‘What does all this mean ? |  Interpolation
s manifold
{‘/V>x< S.L. fw*(xi) = )i VZ}

,\ . < Al Q. 1
A]g ' | fw{k(x) W\ R . Initial point
ﬁ “Structure 17 | e Wy
® o ¢ ° . . Al . 2
W2 g
f w*(x) ,
’ “Structure 27
Alg. 2

“Algorithmic implicit bias™ : the algorithm “chooses™ a particular solution.
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Implicit bias and minimal norm solutions (for regression)

Mmmise L(w) = % ?:1 (f,,(x;) = yl-)2 with some algorithm.
66 79 l ° 66 ° .
It turns out: WES” enjoys a nice  structure
Lwy) =0 _
& and -

we' = argmin R, (w) | "
Il

WaVla fw(xi)zyi

Jwie(X;) =y,

Contrast with explicit regularisation:

1 ¢ |
mln RegL(W) = — Z fl(w) _|_ﬂ R(W) (Often unique)
"t =1

Not an interpolator !)
d < P
WER
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A Tew disclaimers:

o

 Wo = arg min R, (w) |

W9Vla fw(xi)zyi

We hope to exhibit:

® \We will only consider regression tasks

® The characterisation of the solution does not (on its own) say anything about generalisation !

overfitting the training set 1s not always good (but often works in practice)
- the benign overfitting literature (partly) covers the generalisation properties of min norm nterpolators

the generalisation questions depend on the true distribution, but not the implieit regularisation problem
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Toy examples: implicit bias doesn’t explain (on its own) generalisation

Samples (x;,¥,)1<i<, € R X R from some distribution 9.

We want to linearly interpolate with feature expansion ¢(x) = (— cos(2zix), — sin(27ix)) | <j<qn € R -

Traimning set 1

i ' Nonose

from distribution 1 (sparse)

Traming set 2

No noise

from distribution 2 (dense)

3 /32 Depending on the true data distribution,

Ju() = (w, d(x)) .

l

arg min ||w]l, arg min [|w]],
w,Vi, f,(x;)=y;

W9Vi9 fw(xi) =yi

A Y (A

B ralisati . L
ad generalisation GGood generalisation

arg min ||wll

are min ||lw
Wi ()=, g lwll

W3Via fw('xi>:yi

.

Bad generalisation

(iood generalisation

“Structure 17 £ “Structure 2”.



Back to implicit bias / regularisation:
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Simplest example: linear regression Unique root Toss can be non-comex

/

1 < n
_ z: 2 1
L(W) — ) (yl o <W’ xi>) But more generally still true with L(W) == E , b”(yi, <Wa xi))
i e
[() = (w, x)

GD: Wy =w+ 7% Zi (Vi = (X W)X SGD: Wy =w, + V(yit — <xi; Wt>)xit

€ span(x, ..., X,) € span(xy, ..., X,)

Implicit regularisation
GD/SGD
t W, € wy + span(xy, ..., Xx,)

n

i 1mphes WgD/SGD . argmin HW — W()H%
, Vi, <WGD/SGD, x.> = V. (Pythagorean w,Vi, (W, x;)=y; |
= l l Theorem)

.| Pythagoras et al. 500 BC '

g admg S A ek PPy oy > g aimg- P, o e = A e ppT——y. Py SO Y P, L adh L A NS . 29 e o e B L p AR e~ - e g 29 ey o g L posBa 2> SR age oz e - . go - - o SN < o g __pasaa ~ . 2 g~ s S < P _ o shan
_ G zam 2 C e _ ae O e’ > g Z g . . & - 2 e - - R _ Al e & - 0 " D 5 gy B¢ _frAma . v DM - 7 3 _par AR c©- B4 . g SR - 4 - _pshy S \ S - o 4. BN
- . = = = - 59 = - - v - - - - 20 - + S <A z - - 50 z - - -t - R - - K - - - 2 - - -~
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Simplest example: linear regression
span(.x;)

1 n
_ _ 2
| L(w) = > ,2_1' i = (W, x;))
span(x;) }
Implicit regularisation

WGD/SGD —

o0

argmin  ||lw — WOH%
w,Vi, (w,x;)=y;

Interpolation

manifold (W™ x) =y, Vi
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Second simplest: Mirror descent

™ - _ - ot o= P - P - P - _ - o/ _a= P - P _ = =
A O Sher BE< o W - Ty ANe .. /-' - A 7 = S ER - ol S ccmier 4 O She K< 4 W T AN o = /-' - - 7 d T - T AN j = - /-' - d 7 vd V& W Ty AN o I /< -' - SR - ol & Ay d 7 E< & W T AN X P 2o g d 7Y P P& W AT Y &), - d o

V‘P(ﬁ t 1) — V\P(ﬁt) — yVI( ﬁt) ¥ is a convex and differentiable potential.

| P(B) = I3 : back to GD
R ; o B

MDI V¥Y(5,,1) = V() + }’% Zi Vi = (X B)x; SMD VY1) = VY()) V(Yit — <X,-t, ﬂt>)xit

—

€ span(xg, ..., x,) € span(xy, ..., X,)

e = - / P - , _ - o . o= D™ - / L - P ™ - ~ - = = ‘= Y - Y o = )
—_— - - g o 0 — - g s q Z . & . = a i q — . = a o — . E a = _ - P — . B a e P — . B a _ . —
—0 She BT vy 3 el o < p_ e A0 She BT v F AN > S AFN-TNE R~ ol S = cmir 4 O She ST o . FATAeC L > AN -TN eV v 7 v FIACT V. 2 AN TR ey v T . FAACT TV ®. 2L AP TR - aag _ P camlr Ve Y T 7 & FLIN Y ¥ 2 LAVW-TE Ve T > By oy e - P b e

V(") € VP(fy) + span(x,)

—> fo = argmin Dy(f, 5

Vi, < é\gD, xi> =y, (Pythagorean D, (,B,xl-)=yi

Theorem)

1o

MD

X

.C_P s — A z g s G almnr L - e B Lo O aRa UV Zar - S =" T - A = d- Loa B SRS P sBa
7 - - - - &2 4 - “w -

12,39 Gunasekar, S., Lee, J., Soudry, D., and Srebro, N. Characterizing implicit bias in terms of optimization geometry. ICML2018



o . . 1 &
Regression with linear models, recap. 1w == 0i- .z
=1

SGD GD : H ”2
' — — — . _ GF . ‘!
towe W arg min  ||lw —wp|l5 (= wren = wor = ,

w, Vi, (w,x;)=y;

2

paP = po'’ = argmin  Dy(B.fy) (=pm=p"=.0 (=Proj¥, ._ (B)) |
i : . { <:B axz) =Y } -
b w, Vi, (f.x;)=, \

g amg - e e 4 [~ e a o g sai e . 4 ama. = i ek o g s - - - ay o o L pma g o~ a g - 2 gvha v 2 . poama S SO P S P O SRR - s - o Oy aal g o e i S s - . - go - ooy a o= g e - oo o s RN
_ g am > g 2 g o 2 Ca cre : - 4 am X s > > . 7 AT . A _f\0amg > o i Dy e . A _po sl 13 i > % . \ NN - 4 . o sBa . \ SNl " - 3 s - 13 i v ~ x S -1 ST S > £ ot e S shas
2 = S 2 . Lo % S = . > = 4 % > 3 A % E At AT 2 > - 2 I ol - < 4 =) AR Og o - = el ROl < 3

ﬁ 0 Generalised Pythagorean theorem:
. MD MD
D‘P -projection D‘P(ﬁ*aﬁ()) Z D\P(ﬁoo 9ﬁ0)+D‘P(ﬁ*aﬁoo )

ﬂMD
o0

W (convex set)

(In our case 1t 1s affine)
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MD on hhnear models: Y2 =pMP = arg min  Dy(B, 5,)

‘A/,“/i, </3,X%>::;)G

1
For the intuition, recall that g, = argmin L(B,) + (VL(B), — B,) + —Dy(p. )
peR? Y

= |ndependent of stochasticity

But who (in DL)) cares about mirror descent !

Mirror descent 1s a framework in which things are easy:
® (Convergence of the iterates and of the traiming loss
® light rates
® |mplicit bias

14/ 32



A *practical example™: 2-layer diagonal linear network.

=

Architecture

Diagonal linear network :

<

)

BAOOEOO®
8

5 O L@ 3 - - d - - - NG ad - S A ' ol 3 & ] o L2 - - " N = = - @ -
,74 e Qoo PV, ORI N7 T Ry PIN VX, SR N Sy - TRV, - o P e L~ & o e o o e «— -z ']
E o
) '
f
A

! 4

1 L £
min L(w) = — i— U0V, X °
(W) = Z}(y ( ) ‘,’_

weR?*
Py

Gunasekar, S., Woodworth, B., Bhojanapalli, S., Neyshabur, B., Srebro, N. . Implicit regularization in matrix factorization NeurlPS 2017
L1, Y., Ma, T. and Zhang, H. Algorithmic Regularization in Over-parameterized Matrix Recovery. COLT 2018
15/32  Vaskevicius,T., Kanade, V., and Rebeschini, P. Implicit regularization for optimal sparse recovery. NeurlPS 2019, ete...

Non-convexr in w

Final model is linear: but training is changed.



Setting  L(w) =

Hidden mirror descent

D
G-
@3
©
©
©
&
©

LT - - . S - - _ - e — ! .7 e - . 3 - . _— - o — - # - . T - - . T - o — -~ - -
—— e P IR W, ORI - N T D I W ORI - ST -2 ) N0 3 % - PTGV . TR~ N v 7 ¥ gl s s e el v e Ny ¥F ¥ W PITRR YV ., LR R - ol S “cal VY F ¥ i o g e or s o caa ey D ¥ S s R - S d O aR

¢ Gradient flow on the neurons: i
_ d ‘
du, = -V L(w,) dt U_o=al €l

dv, = -V L(w,) df v_o=0¢€R?

4

. o amg- e e i e ae o ama- P _ =y i e ai e e . . p AR o~ am ae it s = = e L o g ama- o - - L o o . g . it e o~ - S o o L e - o= - e S L aasha:
g v Z - _ Y 2 - > g 2 g - > me 5 A .4 o & > > g ] il - T A _ B . \ Dy - e Ay _ b sBa v - . g Sy . By _pa sha S X Soee . e P4 8BS
g e s ~ _ > 4 o ] AR 2 x s ” _ Ay 2 2 A s f LS > - Acn > 2 A=Y == ST =0 - Ao o - <N

What about the dynamies of ﬁt .= W, = U, ® V, ) Turns out that:

_ PR - ; _ - o ¢ _a= A o= &g - , _ 0s & o - s ) _ P - > = o a= _ P - _ _ P = = 2.0 o _
— L -y \ . AW - " - 1 oo - &) o A 7 e B - 0 . CAP W -"% A7 AR I e 2 = . /. “A W - ey v ~ = g e | b I . CAV N -T% a— -l _ SV ol . d 7Y d 7 > W - T YA P = AT T d o Sk M > w A —incll S ST - d SR

AV ¢p)
ﬂ — —V ; L(ﬁt) 1.e. continuous mirror descent with lIJ — ¢(l

W, dr @
$ Initialisation scale !
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Implicit bias ol the gradient flow for 2 layer diagonal linear network

| | 1L )
| Architecture: min L(w) = — Z (v, — (U O v, x.))? s

, weRY A 4 O :

=1 ﬁw %

u,_,=al € RY e

Alg()rithm: Gradient flow on the neurons Wt starting at § _oel d :’

Implicit bias: ﬁgo = arg min ¢a(ﬁ) (=D, (B.By=0))
| P, (P-x;)=y,

where @~ [+l and ¢ ~ -1l
a—> 00 a—(
[+ convergence, rates etc.) |

17/ 32 Woodworth, B., Gunasekar, S., Lee, J. D., Moroshko, E., Savarese, P., Golan, 1., Soudry, D., and Srebro, N. Kernel and rich regimes in overparametrized models. COLT 2020



Toy 1llustration

Implicit bias: ﬁgo — arg min ¢0{( ﬁ) ’ Zz ;
; ﬁa <ﬁ9xi>:yi |

GF on the neurons

U_o=0al € R Prediction parameter space

&
€
@3
Vtz():OERd %
&
&
&)

Po ~ -l

a—0

MD on the predictor

where
pi=u,0v,"?

[ |

Uy .‘
{ vy ~J . | A
| , ¢a H HZ | Po
a— 0 g

(P*,x1) =y

(19 V94

. . o o . . y » - e y y . o o . .
“Big " initialisation oy ntermediate " initialisation a, mall” initialisation a;

(*,x) =y (*,x) =y e
18/ 32 1 1 : : (f*,x1) =y
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Numerical illustration:

Gradient descent with fixed step-size

and u_o=al e R v_, =0 € R

Train losses

101t
10-1 Exponential decrease !
103
10>
10-7 a=0.1

a=0.01
_9 i

+9 a=0.001
10—11

iteration t

10° 10! 102 103 10* 105

G~ HO ) = lE) 1Bl =S

|
I
|
\

Sparse overparametrised regression with

n=40 d= 100 d>n

1 n
min L(w) = — . — U
min L(w) 4";@’ (

L

1OV, X))’
Py

iteration t

Test losses
a=0.1
a=0.01
a=0.001
100 Tor 102 10° 10 105

Poo = arg min ¢,(f)
ﬁa <:B’xi>=yi

Imtialisation
gels smaller

| 52— arg min |||,

a—0 (X P)=Y;

( = f* due to €, magic!
£ | nag:



f
(Can we intuitively understand where the £, norm comes from ! @x\

—

1% 5
L(W>‘E§(y"_<’”‘®"’ %)

' Recall that we do gradient flow on the neurons w = (u,v) € R,

: ' This leads to a mirror descent on the prediction parameter g € RY.

w:(”)ngd D, =uQ@veR? |

== - - - —

a—()

=Y 1s the solution of min HWH%

As 1n the linear case, we “would expect” that w
weER (uGv,x;)=y

- 2 - 2 2
And: min w5 =" min  [lu]|5+ |[v]|5
we RZCZ, <M®V,xi>:yi (M,V), (u@v,xi)=yl-
=2 min_ [|A,
IBER ’<ﬂ’xi>=Yi
. 22 :2 .
However: 11111 lu — 051”2 T HVH2 7 min P, (P) !

(u,v)EIRZd,(u@v,xi)=yi ﬂe [Rda <:Baxi>=yi

20/ 32



An infinity of

interpolating solutions

\

Training

/N

architecture

Training

dataset

l'raining
V1 alg()l‘ithm
o
’ GF
Initialisation scale a .
o o '
o Poo = arg min ¢ (p)
N :Bv <ﬂ9xi>=yi
X

21/ 32 Where ¢a ~ ””2 and ¢a ~ ””1
aA—> 00 a—()
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Second part ()f the ta]k ts a]k noise. *

Main question : 1s there a difference of implicit bias between SGD and GD ?

® We already saw that it 1s not the case when training linear models

® What about non-linear ? Neural-networks ?

Some empirical evidence that SGD often outputs models which generahse better than GD:

i | ON LARGE-BATCH TRAINING FOR DEEP LEARNING i EEVISII\ITING SMIGLL BATCH TRAINING FOR  9()|g
| Efficient BackProp 1998 | ' GENERALIZATION GAP AND SHARP MINIMA |‘ BEP NEURAL RETWORKS " Dominic Masters and Carto Luseti |
| | Keskar et al. 2017 | Base Learning Rate (7) |
Yann LeCun', Leon Bottou', Genevieve B. Orr?, and Klaus-Robert Miiller® ’;‘ — ;ﬁ - ;:;0 ;3 -
Model Testing Accuracy 90

Name | SB (Small batch) | LB (Large batch)

Fy 98.03% + 0.07% | /97.81% + 0.07%

: . Fy 64.02% + 0.2% | 59.45% + 1.05%
Advantages of Stochastic Learning ; C 0

1. Stochastic learning is usually much faster than batch learning. gl gggig) i 813? g;ggg) i 833? T;amAleO'%)
| 2 . 0 . 0 . 0 . 0 or aln .

2. Stochastic learning also often results in better solutions.
3. Stochastic learning can be used for tracking changes. C3 49.58% =+ 0.39% | 46.45% + 0.43%
Cy 63.08% + 0.5% | 57.81% + 0.17%

=77 H‘

(o0}
(9,1

Classification task | |

%)

Test Accuracy (9
(o]
o

~
(9}

~
o

(o)}
w

1
60
2 - 8 16 32 64 128 256 512 1024 2048

« : . .o . : : Batch Size
Faperiments with other optimizers for the large-batch experiments, including SGD,

led to similar results.”

Vanilla SGD, AlexNet, Cifar 10

V\/hat a]oout our t()y neural network )
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Back to our toy neural network.

Sparse overparametrised regression with Test losses

= e e e —

S~ HOL) =) 1Bl =5

|
n=40 d=100 d>n
1 i 10—1
min L(w) = — . — (U@,
min Lw) == ), (=
=1 10—2

10° 10! 102 103 104 10° 1
Iteration t

Initnal
point

Interpolation

03/ 99 manifold



SGD to Stochastic Gradient Flow G B 0im o)

w=(ﬁ>€ﬂ%2d B, =u®veR?

SGD: Wit1 = Wy — YV Ly, (wt) > Upgr] — Ut — 7<5wt — 5*7 ili’z‘t> Ti, © Uy | Similar for v,

What is the “best” continuous version of this recursion ? du; = —V,, L(w;)dt + X (w;)d By

. - - , . - - / _ 5.’ - P - - Y 05 - - s o2 - - s - .y - o3 = - > 52 = - .y -
< - = - - Z <" &Y - - = e —g- L B - - s - - = 1, < " P - - - =, o P - - - = /. 7 — - & o - - P - ~ - /e = - P - - o o - - & o - "
N T 3 - I \ - 0 g A 7 SR Pr . > . v o - - & N9 £ = . v = 0 g 4~ T P P = o g q P o AW -z P -y — 4 T AR S = PITNRD Y = XA = By yrryeas e - P e y—=

t Crucial part is to correctly model the noise’s structure. !

b Re-writing SGD: - wz g = up — YV L(we) + v © [ X &, (wy)] ¢
| Zero mean, state dependent, vanishing, sampling noise

1 Two key properties of the noise: (i) belongs to span(xy ©v,...,z, ® v)

', ‘ (i1) has covariance Y ggp(w) := “deiag(U)XTCOVZ’t (&, (0))Xdiag(v) € R4xd :

24/ 39 Wojtowytsch, S., Stochastic gradient descent with noise of machine learning type. Part 1: Discrete time analysis.



o 1 &
@@\ Lw)=— . — (U OV, X; 2
2\ (W) 4n§<y, ( )

SGD to Stochastic Gradient Flow

w=<ff>€R2d B, =u®veRr?

What is the “best” continuous version of the SGD recursion ?  du; = —V,, L(w;)dt + X (w;)d By

Crucial partis to correctly model the noise’s structure.

. . T
Re-writing SGD: g = 7 — 7V L(we) + 700 @ [X 7€, (wy)]
N ——
Zero mean, state dependent, vanishing, sampling notse

Two key properties of the noise: (i) belongs to span(z; ®v,...,z, ©® V)

ii) has covariance S5 (w) := y*diag(v) X " Cov;, (&, (8)) X diag(v) € R

,, We consider the following stochastic differential equation:

duy = =V, L(we)dt + 24/ yn=1L(w)vy © [X ' dBy]

Because it conserves the two key properties: (1) structure

(1) (nearly) matching covariance



- - ":TW e HO D) =B B le=5
| N o I 44 I'd o 2 l* iﬂ - L(W)zii( O, 1))
Numerical “vahdation | | s =g Fu-wons
Train losses o Test losses
0] e . f ot
10 A,

102

104

10—

108

1040400200 0 0o o 0 — i — — ——\ .

109 101 102 103 104 10° 109 101 102 103 104 10°

iteration t iteration t

The SDE seems to faithfully capture SGD’s behaviour for macroscopic step-sizes !

Keep in mind: e This is a model !
® There are unfortunately no theoretical guarantees for macroscopic step-sizes (as for GF!)

® However it captures the key ingredients to understand the implicit bias of SGD.
26/ 32



Implicit bias of the stochastic gradient flow ]

w=<ff)elR2d B, =uGveR?

Assumptions: probability p € (0,1) and mitialisation u,_, = o € R v,_q =

Step-size Y S é(ln(él/p))\ : ) Where max — AmaX(XTX/n)

n1ax:”[3§1|’1

. = argmin | 5|1
B s.t. XpB=y

Result:  With probability 1 — p, the Stochastic Gradient Flow (u,v,) is such that:

Convergence — @ The flow ()50 = (4, © v,);5¢ converges towards a zero-training error solution %>°F

Implicit Bias — ®  This solution %3¢ satisfies

/ initialisatio\n

stochastic ! conlo
a,SGF - . ~ . A
500 — al'g NI ¢aoo (6) where o, = a ®exp ( — 2’ydiag(X;X) O+OO L(/Bs)ds) <
5€Rd7 <67$Z>:yz \sf-/ —
“effective” training loss

\ mitialisation /

27/ 32




What does this mean ? L) = 0 2, 0r = @ v, 1)

v (i) ew pi=uovew’ |

/ initialisatio\n

stochastic !

scale
o, SGF __ : T o -
ﬁoo — arg I ¢aoo (6) where o, =a ®exp ( — 2’ydiag(XnX) O+OO L(ﬁs)ds) <
BERda <57$Z>:yz ——’ ——
“effective” trainine |
\ initialisation e /
GIvs SGIF:  Recall that: ﬁgO’GF — arg min ¢a (ﬁ)

BERA, <6733Z>:yz

* Implicit bias of SGF 1s the same as GI but with an effective mitialisation

s .
f&SGF 1s “sparser’ than ﬁg‘OGFj

eSince oy, < v > ¢,_1s closer to the £; norm than ¢, and

1% 9 LI . . .
T'he slower the convergence, the “better” the bias: The bigger the step-size, the “better” the bias

Convergence for fixed step-size !

+ 00
/ L(B)ds>1 = Qo < «
0
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What does this mean ?

stochastic !
- ’+OO o B Neuron
53<SSGF — arg min ¢aoo (5) Qoo = 0 () €XP ( — 2vdiag(¥) f() L(ﬁs)ds) < (X initialisation
BeER, (B,x:)=vy; — ~—— scale
“effective” training loss
GF . mitialisation
BLEY = argmin ¢, (0)
BERdv <Ba$i>:y’i
Interpolation
manifold Neuron space R*
................... Initial
L point

SGF _ pace,GF
B = Bad
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1B lg=5 |
X~ N O, 1) = (5.f5) a=0.1]

Settingg  n=40 d=100

Benelfit ol stochasticity

Téstlosseszﬂ:corn%ngyﬂqce Test losses

——— GD from «a
---—- SGD from «
—— GD from a.,

10°-

10_1?

10_2€

10° 10! 102 103 < 10%  10°
mitialisation |terat|0n t

scale

stochastic |

.

=

Ao = 0 (O EXP ( — QWdiag(X;X) ojLO<> L(ﬁs)ds) <a

N—— N —

“effective” -
traming loss
30/ 32 mitiahisation




Benelfit ol stochasticity

Samples (x;, )1 <<, € R X R from some distribution 9.

&
&)
&)
&)
©
©
©
&

We want to linearly interpolate with feature expansion ¢(x) = (cos(2zix), sSin(27ix)) | <;<qn € RY . Jo(X) = (u © v, p(x))
Traimning set 1 From sparse distribution GD from mituahisation a SGD from mitahsation a
(+label noise)
S it V/\/\/\ A

......... ° W,

Ininal

ot

Interpolation
31/ 32
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Take home messages

1 Considering (appropriate) stochastic gradient flows
. can lead to iteresting and pertinent results

lor a very specific toy problem, the noise inherent to
) SGD’s stochasucity helps recover a solution which
) has better sparsity properties than that ot GD.
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Test losses

10° 10 102 103  10%  10°
iteration t

Test losses at convergence




Implicit regularisation ol gradient algorithms

Scott Pesme l.oucas Pillaud-Vivien Nicolas Flammarion




Bonus 0: other SDE modehisations

SGD U1 = Ut — ”YvuL(wt) - YU © [XTfit (wt)]

Our SDE:
du; = =V, L(we)dt + 2/ yn=1L(w)v: © [X ' dBy]

Overdamped Langevin:

du; = —V L(w;)dt + /2n—1dB;

“Wrong SDE™:
dut — —VuL(wt)dt 2\/7n—1L(wt)vt O, dét




Bonus 0: other SDE modelisations

Overdamped Langevin:

Train losses

dut — —VuL(wt)dt

\/277‘1dl§t

Test losses

100_ i--—--------.-.-,.,',.'_. Eé. _ GD | ..‘..:-:“:
4 | 100f ~- SGDs
10_2 7 ;‘,"::: 1 eieenns LangeV|n ".‘.’
104 9 T
1074
107°
— GD
-8
10 SGDs | 10-2-
------- Langevin 5
10710 1 R T AT S
10° 10* 10° 103 10* 10° 10* 10° 103 10*

iteration t

D9

iteration t




Bonus 0: other SDE modelisations

“Wrong SDE™: duy = =V, L(wg)dt + 2¢/yn~ L(w)v; © d By

36

Train losses

it
— GD
SGDs
....... Wrong SDE
100 10t 102 103 - 10%
iteration t

10_1§

Test losses

SGDs
Wrong SDE

.
L
lllllllllllllll

‘100 102

iteration t



Bonus 0: other SDE modelisations

“OUI’ SDE”: dut — —VuL(wt)dt -+ 2\/”yn—1L(wt)vt O [XTdBt]

100_
10—2_

10—4_
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Train losses

— GD
SGDs
------- Good SDE
100 10 102 103  10%
iteration t

1071

10_2?

10_3§

iteration t

Test losses
—— GD
SGDs
Good SDE
> "-:‘“:Ei;« SR
100 100 102 10°  10°



Bonus 1: adding label noise

Perturb label at ime - §, =y, + A, where A ~ unif{25, — 26}

(6)sen € RY

“Slowed down loss™: L(w) = L(w,) + 67

Modified: a,=a0® exp( — 2ydiag ( X’:X) O+OO Z(ﬁs)dS)
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Bonus 1: adding label noise

Perturb label at time t: where

Vi =yt 4,

A, ~ unif{25, — 25,)

P P n=40 d=100 |If*llo=>5 r< 107
0
3.
x; ~ N0, I yz':(xiaﬁ}:) t> 107
t~
L(Bs)ds
120- i
1
100 ’.’
80 1 — GD
60- ---- SGD
---- SGD, label noise
- \ 40 - J
— /
10-15 - SGD | “\ 20 - A pmm e
---- SGD, label noise ! 27—
-8l 0 S
10 10 10! 102 103 104 10> 10° 10° 10! 102 103 104 10° 10°

iteration t

39

iteration t

(6)en € RY

[1Be = By, 115

102 o S
10_3E \\

] \
10—4_ E— GD \~\\
10_5_ =TT SGD \\\\

3 \

i =-==-= SGD, label noise SN
10—6_: N,

102 103 104 10° 10°
iteration t

100 10%



Bonus 2: step-size for GD has very little impact on the implicit bias

Train losses

101 Test losses
1 |
107 o Y = Yo
103 O- V= OlVO
10 V = OO]—VO
107> 3
107 - Y =Yo 10_1‘;
; V = OlYO

10~

V = OOlVO 10-2
10 109 10' 10% 103 104 10> 10° 10° 10! 102 103 104 10> 10°

iteration t iteration t
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Bonus 3: the slower the training loss, the better the bias.

) =5 |
1Bll0=5 |
Yi = {X; ﬂ,}:)

Setting: n=40 d =100

' (a=0.1) x; ~ N (0, I)

t *x
[ L(Bs)ds 1Bt = By 113

10°- s |
B 71 — GD =T 100 A —— GD
0 6 SGD #1 | W i SGD #1
1076 5/ -==- SGD #2 | 1071, Wl ---- SGD #2
10_9 w\\\ 4_ ,/,,J 2: N l“‘,‘\r
/ 1074 ‘|"|
10-12{ —— GD 31 ," ? \'\\A,i‘
10—15_ SGD #1 2 10_3 ‘I\“t
---- SGD #2 1
1071 100 101 102 103 104 105 o - —4 | o
10 10 itleoratiolg ¢ 10 10 10° 10! 102 103 10*  10° O e ot 102 10 10¢ 108
iteration t iteration t
h . mitialisation
stochastic ! scale
- " —
L . X' X —+ o0
Qoo = 0 (O €XP ( — 2wd1ag( — ) 0 L(ﬁs)ds) < O
\— — S e
“effective” -
training loss

mitialisation
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