
TML lab 

Nicolas FlammarionLoucas Pillaud-Vivien Scott Pesme

Implicit regularisation of gradient algorithms



2



Training 

dataset

x

y

An infinity of

 interpolating solutionsMotivation

Training

algorithm fw*2 (x)

𝔼[ℓ( fw*2 (x), y)] ≪ 1

GD 

SGD

etc.

fw*1 (x)

𝔼[ℓ( fw*1 (x), y)] ≫ 1

Some

ERM

Training

architecture



GD 
Some

ERM

SGD + momentum Etc. Batch

Normalisation

All can lead to zero training error but do not generalise the same.

A panoply of algorithms:

Train accuracy Test accuracy
GD 100%        ~72% (??)

SGD 100% 85%
SGD + momentum 100% 89%

SGD + mom + DA + 100% 95%
GD + mom + DA + 100% 87%ℓ2

ℓ2

ResNet-18 (with BN):

Stochastic Training is Not Necessary for Generalization, Geiping et al. 2021
Bad Global Minima Exist and SGD Can Reach Them, Liu et al. 2020
Revisiting Small Batch Training For Deep Neural Networks, Masters and Luschi 2018

Classification task!

Cifar-10 dataset:
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Interpolation 

manifold

w0

Initial point

Alg. 2

w*2fw*2 (x)
“Structure 2”

fw*1 (x)
Alg. 1 w*1

“Structure 1”

What does all this mean ?

“Algorithmic implicit bias” : the algorithm “chooses” a particular solution.

Alg. 1

Alg. 2

{w* s.t. fw*(xi) = yi ∀i}
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Implicit bias and minimal norm solutions (for regression)

“It turns out”:
L(walg

∞ ) = 0

fwalg
∞

(xi) = yi

⇔ and

walg
∞ enjoys a “nice” structure 

≡
∥w∥2

∥w∥1

walg
∞ = arg min

w,∀i, fw(xi)=yi

Ralg(w)

Minimise   with some algorithm.L(w) = 1
2n ∑n

i=1 ( fw(xi) − yi)2

Contrast with explicit regularisation:

min
w∈ℝd

RegL(w) :=
1
n

n

∑
i=1

ℓi(w) +λ R(w) (Often unique)

(Not an interpolator !)
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A few disclaimers:

7

• We will only consider regression tasks

- overfitting the training set is not always good (but often works in practice)


-  the benign overfitting literature (partly) covers the generalisation properties of min norm interpolators


-      the generalisation questions depend on the true distribution, but not the implicit regularisation problem

• The characterisation of the solution does not (on its own) say anything about generalisation !  

We hope to exhibit: walg
∞ = arg min

w,∀i, fw(xi)=yi

Ralg(w)
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Samples  from some distribution .

We want to linearly interpolate with feature expansion  :        .

(xi, yi)1≤i≤n ∈ ℝ × ℝ 𝒟
ϕ(x) = (

1
i

cos(2πix),
1
i

sin(2πix))1≤i≤d/2 ∈ ℝd fw(x) = ⟨w, ϕ(x)⟩

Training set 1

Training set 2

arg min
w,∀i, fw(xi)=yi

∥w∥2

Bad generalisation

Depending on the true data distribution, “Structure 1”  “Structure 2”. ≶

arg min
w,∀i, fw(xi)=yi

∥w∥1

Bad generalisation

arg min
w,∀i, fw(xi)=yi

∥w∥1

Good generalisation

arg min
w,∀i, fw(xi)=yi

∥w∥2

Good generalisation

from distribution 1 (sparse)

No noise

from distribution 2 (dense)

No noise

Toy examples: implicit bias doesn’t explain (on its own) generalisation
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Can you give me a simple example showing this phenomenon ?

Back to implicit bias / regularisation:
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Simplest example: linear regression

SGD: wt+1 = wt + γ(yit − ⟨xit, wt⟩)xit
wt+1 = wt + γ 1

n ∑i (yi − ⟨xi, wt⟩)xiGD:
∈ span(x1, …, xn)∈ span(x1, …, xn)

L(w) =
1
2n

n

∑
i=1

(yi − ⟨w, xi⟩)2

fw(x) = ⟨w, x⟩

wGD/SGD
∞ ∈ w0 + span(x1, …, xn)

∀i, ⟨wGD/SGD
∞ , xi⟩ = yi

 implies
(Pythagorean


Theorem)

wGD/SGD
∞ = argmin

w,∀i, ⟨w,xi⟩=yi

∥w − w0∥2
2

Implicit regularisation

Pythagoras et al. 500 BC

But more generally still true with L(w) =
1
n

n

∑
i=1

ℓ(yi, ⟨w, xi⟩)

Unique root loss (can be non-convex)
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a

b

⟨w*, xi⟩ = yi, ∀i

span(xi)⊥

Simplest example: linear regression

span(xi)

L(w) =
1

2n

n

∑
i=1

(yi − ⟨w, xi⟩)2

w0

w∞

: GD

: SGD

Interpolation 

manifold

90∘

wGD/SGD
∞ = argmin

w,∀i, ⟨w,xi⟩=yi

∥w − w0∥2
2

Implicit regularisation
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Second simplest: Mirror descent

    is a convex and differentiable potential.Ψ

 back to GDΨ(β) = ∥β∥2
2 :

∇Ψ(βt+1) = ∇Ψ(βt) − γ∇L(βt)

β L

Gunasekar, S., Lee, J., Soudry, D., and Srebro, N. Characterizing implicit bias in terms of optimization geometry. ICML2018

∈ span(x1, …, xn)
SMD: ∇Ψ(βt+1) = ∇Ψ(βt) + γ(yit − ⟨xit, βt⟩)xit∇Ψ(βt+1) = ∇Ψ(βt) + γ 1

n ∑i (yi − ⟨xi, βt⟩)xiMD:
∈ span(x1, …, xn)

βMD
∞ ?

∇Ψ(βMD
∞ ) ∈ ∇Ψ(β0) + span(xi)

∀i, ⟨βMD
∞ , xi⟩ = yi

βMD
∞ = argmin

β, ⟨β,xi⟩=yi

DΨ(β, β0)⟹
(Pythagorean


Theorem)
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Regression with linear models, recap.

wSGD
∞ = wGD

∞ = arg min
w, ∀i, ⟨w,xi⟩=yi

∥w − w0∥2
2

L(w) =
1
2n

n

∑
i=1

(yi − ⟨w, xi⟩)2

βMD
∞ = βSMD

∞ = arg min
w, ∀i, ⟨β,xi⟩=yi

DΨ(β, β0)

( = wmom
∞ = wGF = …)

( = βmom
∞ = βMF = …) ( = ProjΨ{⟨β,xi⟩=yi}

(β0))

(convex set)

DΨ

β0

βMD
∞

β*

DΨ(β*, β0) ≥ DΨ(βMD
∞ , β0)+DΨ(β*, βMD

∞ )

Generalised Pythagorean theorem:


(In our case it is affine)
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Mirror descent is a framework in which things are easy:

• Convergence of the iterates and of the training loss

• Tight rates

• Implicit bias 

But who (in DL) cares about mirror descent ? 

➡ Independent of stochasticity

For the intuition, recall that  βt+1 = argmin
β∈ℝd

L(βt) + ⟨∇L(βt), β − βt⟩ +
1
γ

DΨ(β, βt)

βMD
∞ = βSMD

∞ = arg min
w, ∀i, ⟨β,xi⟩=yi

DΨ(β, β0)MD on linear models:
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A “practical example”: 2-layer diagonal linear network.

min
w∈ℝ2d

L(w) =
1
4n

n

∑
i=1

(yi − ⟨u ⊙ v, xi⟩)2

w = (u
v) ∈ ℝ2d

Diagonal linear network :

⏟βw

Architecture

Square-loss

fw(x) = ⟨u ⊙ v, x⟩

Non-convex in w

Final model is linear: but training is changed.

Gunasekar, S., Woodworth, B., Bhojanapalli, S., Neyshabur, B., Srebro, N. . Implicit regularization in matrix factorization  NeurIPS 2017 
Li, Y., Ma, T.  and Zhang, H. Algorithmic Regularization in Over-parameterized Matrix Recovery. COLT 2018 
Vaskevicius, T., Kanade, V., and Rebeschini, P. Implicit regularization for optimal sparse recovery. NeurIPS 2019, etc…

d

u1

ud

v1

v2

vd

v3
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Hidden mirror descent

dut = − ∇uL(wt) dt

Gradient flow on the neurons:

ut=0 = α1 ∈ ℝd

⏟
βw

βwt=0
= 0 ∈ ℝd

dvt = − ∇vL(wt) dt vt=0 = 0 ∈ ℝd

What about the dynamics of βt := βwt
= ut ⊙ vt ? Turns out that:

d∇ϕα(βt)
dt

= − ∇βL(βt) i.e. continuous mirror descent with Ψ = ϕα
⏟Initialisation scale !

βw := u ⊙ v ∈ ℝdw = (u
v) ∈ ℝ2d

L(w) =
1
4n

n

∑
i=1

(yi − ⟨u ⊙ v, xi⟩)2Setting

d

u1

ud

v1
v2

vd

v3
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Implicit bias of the gradient flow for 2 layer diagonal linear network 

min
w∈ℝ2d

L(w) =
1
4n

n

∑
i=1

(yi − ⟨u ⊙ v, xi⟩)2

Gradient flow on the neurons

Architecture:

Algorithm:

⏟βw

wt starting at ut=0 = α1 ∈ ℝd

Implicit bias: βα
∞ = arg min

β, ⟨β,xi⟩=yi

ϕα(β)

where   ϕα ∼
α→∞

∥ ⋅ ∥2 ϕα ∼
α→0

∥ ⋅ ∥1and   

Woodworth, B., Gunasekar, S., Lee, J. D., Moroshko, E., Savarese, P., Golan, I., Soudry, D., and Srebro, N. Kernel and rich regimes in overparametrized models. COLT 2020

vt=0 = 0 ∈ ℝd

(+ convergence, rates etc.)

( = Dϕα
(β, β0 = 0))

d

u1

ud

v1

v2

vd

v3
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Implicit bias: βα
∞ = arg min

β, ⟨β,xi⟩=yi

ϕα(β)

ϕα ∼
α→∞

∥ ⋅ ∥2

ϕα ∼
α→0

∥ ⋅ ∥1
where

⟨β*, x1⟩ = y1

Toy illustration

d = 2
n = 1

β0

“Big” initialisation   α1

⟨β*, x1⟩ = y1

β0

βα1
∞

β0

“Intermediate” initialisation   α2

⟨β*, x1⟩ = y1

βα2
∞

β0

“Small” initialisation    α3

⟨β*, x1⟩ = y1

βα3
∞

β0

d

u1

ud

v1

v2

vd

v3
Prediction parameter space
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ut=0 = α1 ∈ ℝd

vt=0 = 0 ∈ ℝd

GF on the neurons

βt := ut ⊙ vt ?
MD on the predictor



n = 40 d = 100

∥β*ℓ0
∥0 = 5xi ∼ 𝒩(0, Id) yi = ⟨xi, β*ℓ0

⟩Numerical illustration:
Sparse overparametrised regression with 

min
w∈ℝ2d

L(w) =
1
4n

n

∑
i=1

(yi − ⟨u ⊙ v, xi⟩)2

d ≫ n

Gradient descent with fixed step-size 

and , : ut=0 = α1 ∈ ℝd vt=0 = 0 ∈ ℝd

Initialisation

 gets smaller

Exponential decrease !
βα

∞ = arg min
β, ⟨β,xi⟩=yi

ϕα(β)

βα
∞ ⟶

α→0
arg min

⟨xi,β⟩=yi

∥β∥1

 due to  magic !)( = β*ℓ0
ℓ1

d

u1

ud

v1

v2

vd

v3

⏟
βw
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Can we intuitively understand where the  norm comes from ?ℓ1

Recall that we do gradient flow on the neurons . w = (u, v) ∈ ℝ2d

βw := u ⊙ v ∈ ℝdw = (u
v) ∈ ℝ2d

L(w) =
1
4n

n

∑
i=1

(yi − ⟨u ⊙ v, xi⟩)2

However: min
(u,v)∈ℝ2d,⟨u⊙v,xi⟩=yi

∥u − α1∥2
2 + ∥v∥2

2 ≠ min
β∈ℝd,⟨β,xi⟩=yi

ϕα(β) !

As in the linear case, we “would expect” that  is the solution of wα→0
∞ min

w∈ℝ2d,⟨u⊙v,xi⟩=yi

∥w∥2
2

min
w∈ℝ2d,⟨u⊙v,xi⟩=yi

∥w∥2
2 = min

(u,v),⟨u⊙v,xi⟩=yi

∥u∥2
2 + ∥v∥2

2

= 2 min
β∈ℝd,⟨β,xi⟩=yi

∥β∥1

And: 

This leads to a mirror descent on the prediction parameter β ∈ ℝd .
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Training 

dataset

x

y

Recap.

Training

algorithm

An infinity of

 interpolating solutions

Some

ERM

GF 
Initialisation scale  α

βα
∞ = arg min

β, ⟨β,xi⟩=yi

ϕα(β)

where   ϕα ∼
α→∞

∥ ⋅ ∥2 ϕα ∼
α→0

∥ ⋅ ∥1and   

Training

architecture

d

u1

ud

v1

v2

vd

v3
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Second part of the talk, lets talk noise.

Main question : is there a difference of implicit bias between SGD and GD ? 
• We already saw that it is not the case when training  linear models


• What about non-linear ? Neural-networks ?

Some empirical evidence that SGD often outputs models which generalise better than GD:

(Small batch) (Large batch)

≈ − 2 %

Model

Classification task !

Train ~ 100%

For Adam !

Keskar et al. 2017

“Experiments with other optimizers for the large-batch experiments, including SGD, 
led to similar results.”

Classification task !

Train ~ 100%

For Adam !

2018

Vanilla SGD, AlexNet, Cifar 10

1998

What about our toy neural network ?
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Back to our toy neural network.

n = 40 d = 100

∥β*ℓ0
∥0 = 5xi ∼ 𝒩(0, Id) yi = ⟨xi, β*ℓ0

⟩

min
w∈ℝ2d

L(w) =
1
4n

n

∑
i=1

(yi − ⟨u ⊙ v, xi⟩)2

d ≫ n

Sparse overparametrised regression with 

GD and SGD with fixed step-size and , . ut=0 = α1 ∈ ℝd vt=0 = 0 ∈ ℝd

w*GD

w*SGD

Interpolation 

manifold

wt=0

Initial 

point

?
w*ℓ0

⏟β d

u1

ud

v1

v2

vd

v3

?
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SGD to Stochastic Gradient Flow

SGD:

What is the “best” continuous version of this recursion  ? 

Wojtowytsch, S., Stochastic gradient descent with noise of machine learning type. Part I: Discrete time analysis.

⟹
<latexit sha1_base64="pheqRK7bngEQwO0Gp/rKSeg7eec=">AAACEnicbVA9SwNBEN3z2/gVtbRZDIIihjsVtRFEGwsLBZMISTjmNptkye7esTunhCO/wca/YmOhiK2Vnf/GzUfh14OBx3szzMyLEiks+v6nNzY+MTk1PTObm5tfWFzKL6+UbZwaxksslrG5icByKTQvoUDJbxLDQUWSV6LOWd+v3HJjRayvsZvwuoKWFk3BAJ0U5rfuwgy3g94xvQuR7tBaC5QCWtMQSaAXYSZC7G06byvMF/yiPwD9S4IRKZARLsP8R60Rs1RxjUyCtdXAT7CegUHBJO/laqnlCbAOtHjVUQ2K23o2eKlHN5zSoM3YuNJIB+r3iQyUtV0VuU4F2La/vb74n1dNsXlUz4ROUuSaDRc1U0kxpv18aEMYzlB2HQFmhLuVsjYYYOhSzLkQgt8v/yXl3WJwUNy72i+cnI7imCFrZJ1skoAckhNyTi5JiTByTx7JM3nxHrwn79V7G7aOeaOZVfID3vsX/9Cccg==</latexit>

wt+1 = wt � �rLit(wt)
<latexit sha1_base64="ZutsQFC1kJN6uVVrzi/c0UfCKNI="></latexit>

ut+1 = ut � �h�wt � �⇤, xiti xit � vt ( Similar for )vt

<latexit sha1_base64="K0A3zYGKjQ2YmYuyUvbkauEe4tM="></latexit>

dut = �ruL(wt)dt+ ⌃(wt)dBt

βw := u ⊙ v ∈ ℝdw = (u
v) ∈ ℝ2d

L(w) =
1
4n

n

∑
i=1

(yi − ⟨u ⊙ v, xi⟩)2

d

u1

ud

v1
v2

vd

v3

Re-writing SGD:

Crucial part is to correctly model the noise’s structure.
<latexit sha1_base64="JYLr4MN1Bqj4MKTrc7KtDjnYReE="></latexit>

ut+1 = ut � �ruL(wt) + �vt � [X>⇠it(wt)]

Two key properties of the noise: (i)  belongs to 


                        (ii) has covariance 
<latexit sha1_base64="zzLF00DTxedSq+yBz5vJbX4p1xU="></latexit>

⌃SGD(w) := �2diag(v)X>Covit(⇠it(�))Xdiag(v) 2 Rd⇥d

<latexit sha1_base64="EtYsQ/Cgiw9X8n8obQB0uI6Xn+c=">AAACGXicbVBNS8MwGE7n15xfVY9egkOYMEaroh6HXjxOcB+wlpJm6RaWpiVJh6Psb3jxr3jxoIhHPflvTLcKuvlCyMPzvO+bPI8fMyqVZX0ZhaXlldW14nppY3Nre8fc3WvJKBGYNHHEItHxkSSMctJUVDHSiQVBoc9I2x9eZ3p7RISkEb9T45i4IepzGlCMlKY803JCpAYiTGWM+KQC7z0bOlEvUnBUhY6+ZRVqkv+Qx55ZtmrWtOAisHNQBnk1PPNDr8FJSLjCDEnZta1YuSkSimJGJiUnkSRGeIj6pKshRyGRbjp1NoFHmunBIBL6cAWn7O+JFIVSjkNfd2Y+5LyWkf9p3UQFl25KeZwowvHsoSBhUEUwiwn2qCBYsbEGCAuq/wrxAAmElQ6zpEOw5y0vgtZJzT6vnd6eletXeRxFcAAOQQXY4ALUwQ1ogCbA4AE8gRfwajwaz8ab8T5rLRj5zD74U8bnN1yZnz4=</latexit>

span(x1 � v, . . . , xn � v)

Zero mean, state dependent, vanishing, sampling noise
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<latexit sha1_base64="JYLr4MN1Bqj4MKTrc7KtDjnYReE="></latexit>

ut+1 = ut � �ruL(wt) + �vt � [X>⇠it(wt)]

SGD to Stochastic Gradient Flow
What is the “best” continuous version of the SGD recursion  ? 

Re-writing SGD:
Zero mean, state dependent, vanishing, sampling noise⏟

Crucial part is to correctly model the noise’s structure.

<latexit sha1_base64="K0A3zYGKjQ2YmYuyUvbkauEe4tM="></latexit>

dut = �ruL(wt)dt+ ⌃(wt)dBt

Two key properties of the noise: (i)  belongs to 


                        (ii) has covariance
<latexit sha1_base64="zzLF00DTxedSq+yBz5vJbX4p1xU="></latexit>

⌃SGD(w) := �2diag(v)X>Covit(⇠it(�))Xdiag(v) 2 Rd⇥d

<latexit sha1_base64="EtYsQ/Cgiw9X8n8obQB0uI6Xn+c=">AAACGXicbVBNS8MwGE7n15xfVY9egkOYMEaroh6HXjxOcB+wlpJm6RaWpiVJh6Psb3jxr3jxoIhHPflvTLcKuvlCyMPzvO+bPI8fMyqVZX0ZhaXlldW14nppY3Nre8fc3WvJKBGYNHHEItHxkSSMctJUVDHSiQVBoc9I2x9eZ3p7RISkEb9T45i4IepzGlCMlKY803JCpAYiTGWM+KQC7z0bOlEvUnBUhY6+ZRVqkv+Qx55ZtmrWtOAisHNQBnk1PPNDr8FJSLjCDEnZta1YuSkSimJGJiUnkSRGeIj6pKshRyGRbjp1NoFHmunBIBL6cAWn7O+JFIVSjkNfd2Y+5LyWkf9p3UQFl25KeZwowvHsoSBhUEUwiwn2qCBYsbEGCAuq/wrxAAmElQ6zpEOw5y0vgtZJzT6vnd6eletXeRxFcAAOQQXY4ALUwQ1ogCbA4AE8gRfwajwaz8ab8T5rLRj5zD74U8bnN1yZnz4=</latexit>

span(x1 � v, . . . , xn � v)

<latexit sha1_base64="SwLN0426nHsloTg3zmM/YwEuM1E="></latexit>

dut = �ruL(wt)dt+ 2
p

�n�1L(wt)vt � [X>dBt]

We consider the following stochastic differential equation:

Because it conserves the two key properties: (i) structure

(ii) (nearly) matching covariance 

βw := u ⊙ v ∈ ℝdw = (u
v) ∈ ℝ2d

L(w) =
1
4n

n

∑
i=1

(yi − ⟨u ⊙ v, xi⟩)2

d

u1

ud

v1
v2

vd

v3
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• This is a model !  

• There are unfortunately no theoretical guarantees for macroscopic step-sizes (as for GF!) 

• However it captures the key ingredients to understand the implicit bias of SGD.

Keep in mind: 

Numerical “validation”
Train losses Test losses

The SDE seems to faithfully capture SGD’s behaviour for macroscopic step-sizes !

∥β*ℓ0
∥0 = 5xi ∼ 𝒩(0, Id) yi = ⟨xi, β*ℓ0

⟩

min
w∈ℝ2d

L(w) =
1
4n

n

∑
i=1

(yi − ⟨u ⊙ v, xi⟩)2

d

u1

ud

v1
v2

vd

v3
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Assumptions: probability  and initialisation .     


                        Step-size                                        where

p ∈ (0,1) ut=0 = α ∈ ℝd, vt=0 = 0

Implicit bias of the stochastic gradient flow

<latexit sha1_base64="Ex6fy5jKRxYDW61PZ2YrBObWMys="></latexit>

�⇤
`1 = argmin

� s.t. X�=y
k�k1

<latexit sha1_base64="C2gEMEOTd2lUiy0y1TVIFxDs2Sk=">AAACJ3icdVDLSgMxFM34rPVVdekmWIS6qTMq6kYpunFZwbYDnTpkMpk2NMkMSUYsQ//Gjb/iRlARXfonpo+FtnogcDjnXHLvCRJGlbbtT2tmdm5+YTG3lF9eWV1bL2xs1lWcSkxqOGaxdAOkCKOC1DTVjLiJJIgHjDSC7uXAb9wRqWgsbnQvIS2O2oJGFCNtJL9w7jETDpGfeRzpjuQZR/f9PjyD/xgl99bTcQJduA/Fnl8o2mV7CDhNnDEpgjGqfuHFC2OcciI0ZkippmMnupUhqSlmpJ/3UkUShLuoTZqGCsSJamXDO/tw1yghjGJpntBwqP6cyBBXqscDkxzsrCa9gfiX10x1dNrKqEhSTQQefRSlDOoYDkqDIZUEa9YzBGFJza4Qd5BEWJtq86YEZ/LkaVI/KDvH5cPro2LlYlxHDmyDHVACDjgBFXAFqqAGMHgAT+AVvFmP1rP1bn2MojPWeGYL/IL19Q1vKqY1</latexit>

�max = �max(X
>X/n)

<latexit sha1_base64="A6PIMazTfDAwqAQaPUnnGCBt08A="></latexit>

�  Õ

⇣
1

ln(4/p)�maxk�⇤
`1

k1

⌘

Result:

Convergence

Implicit Bias

stochastic !

training loss

⏞
“effective”


initialisation

⏞ < α

initialisation

scale⏟

<latexit sha1_base64="b+4k/CiKGpLfN80lGNaF4+PSvIU="></latexit>

↵1 = ↵� exp
�
� 2�diag

�
X>X

n

� R +1
0 L(�s)ds

�
where

<latexit sha1_base64="k8ZAkXt7gtrKwntg0s/VBmm7mMk="></latexit>

�↵,SGF
1 = arg min

�2Rd, h�,xii=yi

�↵1(�)

βw := u ⊙ v ∈ ℝdw = (u
v) ∈ ℝ2d

L(w) =
1
4n

n

∑
i=1

(yi − ⟨u ⊙ v, xi⟩)2

d

u1

ud

v1
v2

vd

v3

With probability , the Stochastic Gradient Flow  is such that:


• The flow  converges towards a zero-training error solution 


• This solution  satisfies  

1 − p (ut, vt)

(βt)t≥0 = (ut ⊙ vt)t≥0 βα,SGF
∞

βα,SGF
∞
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What does this mean ?

stochastic !

training loss

⏞
“effective”


initialisation

⏞ < α

initialisation

scale⏟

<latexit sha1_base64="b+4k/CiKGpLfN80lGNaF4+PSvIU="></latexit>

↵1 = ↵� exp
�
� 2�diag

�
X>X

n

� R +1
0 L(�s)ds

�
where

<latexit sha1_base64="k8ZAkXt7gtrKwntg0s/VBmm7mMk="></latexit>

�↵,SGF
1 = arg min

�2Rd, h�,xii=yi

�↵1(�)

<latexit sha1_base64="QZ4mrTJzw04n4tN6Vz6qhH0I9Pc="></latexit>

�↵,GF
1 = arg min

�2Rd, h�,xii=yi

�↵(�)Recall that:GF vs SGF:

<latexit sha1_base64="/A3GtwPJwHUJmoK24OCfnJnrJNI=">AAACOHicbVDLSgMxFM3UV62vUZdugkVwVWZU1IWLoht3VrAP6JSSSe+0oZnMkGSEMvSz3PgZ7sSNC0Xc+gWm7RRs64XAyTnn3pscP+ZMacd5tXJLyyura/n1wsbm1vaOvbtXU1EiKVRpxCPZ8IkCzgRUNdMcGrEEEvoc6n7/ZqTXH0EqFokHPYihFZKuYAGjRBuqbd954xmpzxMYYo/wuEfaqcdEoAfmPhUJ7Q/xFS5khITO1DzrKbTtolNyxoUXgZuBIsqq0rZfvE5EkxCEppwo1XSdWLdSIjWjHIYFL1EQm9GkC00DBQlBtdLxziE+MkwHB5E0R2g8Zv92pCRUahD6xhkS3VPz2oj8T2smOrhspUzEiQZBJ4uChGMd4VGKuMMkUM0HBhAqmXkrpj0iCdUm61EI7vyXF0HtpOSel07vz4rl6yyOPDpAh+gYuegCldEtqqAqougJvaEP9Gk9W+/Wl/U9seasrGcfzZT18wvAtK4j</latexit>

↵1 < ↵
<latexit sha1_base64="5z14decyDs065cDXRuLdxtt9b0E="></latexit>

�↵,SGF
1

<latexit sha1_base64="L4AKf0AaHXqMsKs17phjLNwSOH8="></latexit>

�↵,GF
1

•Implicit bias of SGF is the same as GF but with an effective initialisation


•Since                 ,  is closer to the    norm than  andϕα∞
ℓ1 ϕα          is “sparser”  than

The slower the convergence, the “better” the bias:

⟹

<latexit sha1_base64="GUBo8DXcUJg5rcRpMzPy2m2txBE="></latexit>Z +1

0
L(�s)ds � 1

<latexit sha1_base64="xMMOG4sZF//jDSq/RrAMmRFu9pI=">AAACOnicbVDLSgMxFM34rOOr6tJNsAiuyoyKuiy6cdmCfUBnKJn0ThuayQxJRihDv8uNX+HOhRsXirj1A0zbKdjWC4Fzzzn3JjlBwpnSjvNqrayurW9sFrbs7Z3dvf3iwWFDxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoO7sd58BKlYLB70MAE/Ij3BQkaJNlSnWPMmO7KApzDCHuFJn3Qyj4lQD00/EwkdmI5zbOeUhO7MPu+yO8WSU3YmhZeBm4MSyqvaKb543ZimEQhNOVGq7TqJ9jMiNaMcRraXKkjMatKDtoGCRKD8bHLnCJ8apovDWJojNJ6wfycyEik1jALjjIjuq0VtTP6ntVMd3vgZE0mqQdDpRWHKsY7xOEfcZRKo5kMDCJXMvBXTPpGEapP2OAR38cvLoHFedq/KF7XLUuU2j6OAjtEJOkMuukYVdI+qqI4oekJv6AN9Ws/Wu/VlfU+tK1Y+c4Tmyvr5BclSry8=</latexit>

↵1 ⌧ ↵

The bigger the step-size, the “better” the bias

βw := u ⊙ v ∈ ℝdw = (u
v) ∈ ℝ2d

L(w) =
1
4n

n

∑
i=1

(yi − ⟨u ⊙ v, xi⟩)2

d

u1

ud

v1
v2

vd

v3

Convergence for fixed step-size !
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Interpolation 

manifold

α
Initial 

point

w*ℓ1

Neuron space ℝ2d

wGF,α
*

wSGF,α
*

α∞wGF,α∞
*

stochastic !

training loss

⏞
“effective”


initialisation

⏞ < α
Neuron 


initialisation

scale

<latexit sha1_base64="b+4k/CiKGpLfN80lGNaF4+PSvIU="></latexit>

↵1 = ↵� exp
�
� 2�diag

�
X>X

n

� R +1
0 L(�s)ds

�<latexit sha1_base64="k8ZAkXt7gtrKwntg0s/VBmm7mMk="></latexit>

�↵,SGF
1 = arg min

�2Rd, h�,xii=yi

�↵1(�)

<latexit sha1_base64="QZ4mrTJzw04n4tN6Vz6qhH0I9Pc="></latexit>

�↵,GF
1 = arg min

�2Rd, h�,xii=yi

�↵(�)

<latexit sha1_base64="cXgwATxZQf9ZOdhNozJKXtsAREk="></latexit>

�↵,SGF
1 = �↵1,GF

1

What does this mean ?
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Benefit of stochasticity n = 40 d = 100 ∥β*ℓ0
∥0 = 5

xi ∼ 𝒩(0, I) yi = ⟨xi, β*ℓ0
⟩

Setting:

α = 0.1

stochastic !

training loss

⏞
“effective”


initialisation

⏞ < α

initialisation

scale⏟

<latexit sha1_base64="b+4k/CiKGpLfN80lGNaF4+PSvIU="> ByTE3JKpkR4J572vngr/4Nv/a/+t43U97Y1j8k/4X//DRlL4WQ=</latexit>

↵1 = ↵� exp
�
� 2�diag

�
X>X

n

� R +1
0 L(�s)ds

�

Test lossesTest losses at convergence
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Benefit of stochasticity
Samples  from some distribution .

We want to linearly interpolate with feature expansion  .

(xi, yi)1≤i≤n ∈ ℝ × ℝ 𝒟
ϕ(x) = (cos(2πix), sin(2πix))1≤i≤d/2 ∈ ℝd

d

u1

ud

v1

v2

vd

v3

fw(x) = ⟨u ⊙ v, ϕ(x)⟩

From sparse distributionTraining set 1 GD from initialisation α

w*GD

w*SGD

Interpolation 

manifold

wt=0

Initial 

pointw*ℓ0

SGD from initialisation α
(+label noise)
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Take home messages

Considering (appropriate) stochastic gradient flows 

can lead to interesting and pertinent results1.

For a very specific toy problem, the noise inherent to 
SGD’s stochasticity helps recover a solution which 

has better sparsity properties than that of GD.2.

Test losses at convergence

Test losses
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Bonus 0: other SDE modelisations

34

<latexit sha1_base64="JYLr4MN1Bqj4MKTrc7KtDjnYReE="></latexit>

ut+1 = ut � �ruL(wt) + �vt � [X>⇠it(wt)]

<latexit sha1_base64="SwLN0426nHsloTg3zmM/YwEuM1E="></latexit>

dut = �ruL(wt)dt+ 2
p

�n�1L(wt)vt � [X>dBt]

SGD:

Our SDE:

Overdamped Langevin:
<latexit sha1_base64="AKLW1KVnRpiGe1KuFJMM+0MSga8="></latexit>

dut = �ruL(wt)dt+
p

2⌘�1dB̃t

“Wrong SDE”:
<latexit sha1_base64="IVId/boZdacYBs7I/XPkNDP/7o4="></latexit>

dut = �ruL(wt)dt+ 2
p

�n�1L(wt)vt � dB̃t



Bonus 0: other SDE modelisations
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Overdamped Langevin:
<latexit sha1_base64="AKLW1KVnRpiGe1KuFJMM+0MSga8="></latexit>

dut = �ruL(wt)dt+
p

2⌘�1dB̃t



Bonus 0: other SDE modelisations
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“Wrong SDE”:
<latexit sha1_base64="IVId/boZdacYBs7I/XPkNDP/7o4="></latexit>

dut = �ruL(wt)dt+ 2
p

�n�1L(wt)vt � dB̃t



Bonus 0: other SDE modelisations

37

“Our SDE”:
<latexit sha1_base64="SwLN0426nHsloTg3zmM/YwEuM1E="></latexit>

dut = �ruL(wt)dt+ 2
p

�n�1L(wt)vt � [X>dBt]



Bonus 1: adding label noise

38

Perturb label at time  t ỹit = yit + Δt where Δt ∼ unif{2δt, − 2δt}

(δt)t∈ℕ ∈ ℝℕ
+

“Slowed down loss”: L̃(wt) = L(wt) + δ2
t

Modified: α̃∞ = α ⊙ exp( − 2γdiag( X⊤X
n ) ∫ +∞

0
L̃(βs)ds)



Bonus 1: adding label noise

39

Perturb label at time : t ỹit = yit + Δt where Δt ∼ unif{2δt, − 2δt} (δt)t∈ℕ ∈ ℝℕ
+

Experimental setup: n = 40 d = 100 ∥β*ℓ0
∥0 = 5

xi ∼ 𝒩(0, I) yi = ⟨xi, β*ℓ0
⟩

δt = 1

δt = 0

t ≤ 103 :

t > 103 :



40

Bonus 2: step-size for GD has very little impact on the implicit bias



(α = 0.1)

n = 40 d = 100 ∥β*ℓ0
∥0 = 5

xi ∼ 𝒩(0, I) yi = ⟨xi, β*ℓ0
⟩

Setting:

41

stochastic !

training loss

⏞
“effective”


initialisation

⏞ < α

initialisation

scale⏟

<latexit sha1_base64="b+4k/CiKGpLfN80lGNaF4+PSvIU="></latexit>

↵1 = ↵� exp
�
� 2�diag

�
X>X

n

� R +1
0 L(�s)ds

�

Bonus 3: the slower the training loss, the better the bias. 


